Conditional =
Pyobability
In any veal-world  scenarios, we can not find
the precise outcome of  expotment. Tnstead,

we can just say tHhot
J y Hhe even{* [3 oecurts

ond the pYecise ovfcome (O s in
the set .

Overall, we just know Hhat event B
hos occuruced.

Assume Fhot Hvo events A,B € »CsD,
ondl. B has oecourtried.

Q Rut we dormt know the
pyeceige outcome.
So, condibional pY’obab})ih/
desceribes Hhe Pwobabili-Fy of

pecutrence of A, given that the
ovent B has alv*eaoﬁ/ oecorvted

Thaot is,

'S i (o PN el 1A, B € T
Knowfng Hhot B has O\I’a”eady ceevhred can
fell s about Whethen Hye ovent A oecurcs

ov not.

® ® 5

Herte, ANDB = P. 50, Hete, ANG =g, BCA. S0

¥ B oeevres, Hhen A if & oeceoved, thaun A most
does not. hove oceunned.




Overcell.
Knowledﬂe on whethertr B has oecunned

or not moy change ourc belief on the proboble
ocevrihence of A. %
De finition of P(A/B) :

Given the pwoboability space (s, > P)

ond  the events AR € ¥, the conditional
probadility of A conditionedd on B has oecurted”

)s  defined as: L P
P (A = ST , P[B)£0
g Probability of A 3:°\/en B

Cases,. j T4 Acp i -than B A S,

S TR ey
P(A/B) o B'
. P ere) = i | BT

3, AN+ \B@a,athen: \ANB = By &0

P(A/e): P(AnB)

P(E) ()

= PCA/@) = RCE)
P(E)

= pP@ApR) = 1
N ol s E\Z/QVQn{

PR & 2 AQQZ¢» Hien p{m\oosﬁ
p[A/Q;):: PanB) . PC(PH) _ O

P(e) P(B)  P®)




L. From the oaxioms of pwobabili'/-y We Know

ot 0 < PCBY-< 1%
Feonm definition of P(AlR)
50, we con we impose hhe constrount

white fop P(A/B) +hodf PCE) 05 05 the.
deﬁf\:{HOh That Q-VUVP_ 3 MUS"’ haoue.

0SB 1 oeeurtred

e R = P%?B[? 708
as, 0 <P@YKL

it Axiomatie properthies of P(A/e)

e Axtom 1 ! p(A/B> >0 = P(AO[37 50
(e

As we know, P(AOB> > 0 and P(®)>o,
Hen, P(A/B> shoulaé be >/O

o Axiom 2. i BlEne e Ble) -
RGE) P (B Py T
woherte » El C 8

o Axlomd: T A= Ag U A, oo o with AfﬂAjzcﬁ
Jor 1), then
P(rlg) = P(Aife)+ P(A2/8>4~
Liet's show it for o case whuw A=A UA,
with A 0A, =

As, Ay ool Ay OFte mufually oxelusive | thon

Anp  and A,op will alse be
mutually exclusive.



So

N

P (A/B> = P((A1 UA2> /B > > distribotive law

P(@1UA2>0 B) - fi(@ﬁ@)-u ("ZQB))

)

P(®) P(B)
_ p(ANnG) + P(A0B) _ P(\0B) . P(A20B)
a P(3) P(e) P(&)

= P(mjo) + P(A2/8)
We can appl\/ mathemoatical induchion to

expand the formolathon for any n.

o, We can sewy Hof
C59 . P> B oncuhned> (59F= p(’/B>

Given

Fxeurnple ¢ lhetss calevlate tHhe COT)OU'HOT)O\VP
P’f’f?bOb"Wr\/ P(A/B) for 'Y’O“;Vlﬂa die

QXPQ)’L{,‘{TL(’JI-L. A= 2} . [5:{29}—1) 6}
AS If 18 j‘c:u‘:p-oetg P(A): _jé_
P e
So, P(A/B) = P(ANB) _  p(a) |as.
P(G) P(B) AC G
= -j""' 7(-——-2;- e ._j_.-
16 5 3



Baye’s Theorerm and Total pvwobabili*ly Lyow

Assume that (s,7,P) is a pyobability
spoce , oned A, B arte cvents thof arte im
the ecuverd space . So, AR E ).
Pare) = £AOD) Wl a
B

> P(AOB) = p(B) P(A/B) | > P(BOA) = PE)P( | P

S P (r08) =P P( )
We con how write Applied  eommufotive

lawy
P(E) P(a/) = P(A) P(&/A)

= P(/6G) = P(AUPF;%B/Q
B

g Also knowon. ov
Ba\/es For mul e

Totald PPObab]Uh, Lo !
Koy CS;F, P), lel’s assvurne Hhof

{A1,A2, v Apl Ul e pou*th"f"lorw of S, ond
the evendt B F(GS), then

P(e) = P(B8/Ar)P(Ar) + P(B/a, ) P(A) + *ov o=
, oo+ P(B/A,) P(An)




Proof of Total PYaobabHHy Loy
AE= B iE  anevent—onol T BE e we
con SO Hrod B8y Sa BEWEMS

Then., p<5>: PCBOS)
:>P@®==P<Bm(]3AL>

i I
W {A Ag aee soe Anj

s O m’h ‘HJY)

S, P(E)= P(BO<A1UA2. 0A0))
= Pl P(@”"‘O“@”")“ """ (B”A”D
Ap, Ay o
st U (BﬂA)) mu;ucHY Qxclucse;va

n ‘o, CBﬂAi CB()A
.ZP@BOAI) ''''' @ ser 40l be? muh}c\“a
=1

exelusive as well

From the definition of conditionol probobili
s e PAIOE) _ PCBOAD)
(0 /4) P (A P.(AD)

=  P(BnA;)= P(B/a) P(A)

Ug}nﬂ tHus express'ron 1N Eoud g\ e obtain

P(B) = Zn: P(G /a) P(A)
f=1

= P( /i) P (A +P(”B/.ADP(AD*‘"
o PCB )



Example !

. Considert  box 1 contains ‘o white balls
ond b black balls.

Considet boxno confauns Ye “ white balls
oma vAd” black balls.

Assume Hhot
. one boll of unknown color
is transferred from boxt 1o box 2, and then,

q. one. ball is drawn from box 2

Whod s the p’a“obab}l'rﬁ/ that the drawn ball
from boxo would be white ball 7
", Eagm bOF 1

Answert i Liods  deffne L\/:*i'fnansfe)med ball 15
White
;LA

A—

4+ of fotad balls — a+b

B= 3 tra foired boll is black b .

{ oll is blae } = L = P(E)
NOW, Sonple space forr box1 = S w, 3}
Then, WU G =&, Whete W5 oive alisjofn{

Eo, W, B JSorms a pamhtion,

(onsidet thal the desived event s
A—_:g White ball is  awn from Box z}
Whal informodiors is known fo vS ?
Trons fovted  boll  from box 1

g Unknown color

KNoWN 2
P(W) w, & Jorms

PIE) e pacfition



From Bo\\/’es Formuoula, we |<r)&w HLaJc
p(A/B) = P(B/A) P(A)
so, Jor A= AL, P
PCALIB): T SEHALD BLA)
P()

Nov, usfng the totol probobility law we can
wnite  fir o parthihon {ApAZJ An'; of.. 5

p(e)= P(B/AO P(A)) + P(B/A?_) P(AL) + oo

Thie, o
P (R 8), e b0 T
P(B/A)P(A)+ P(B/As) P (Ar) wov oo
P(B/AT) F(A1) | Bayes

N
5= p(omi)plary | Tere
f=1
&, BO\VQS Theoverd 15 !
Ligk (&, 7, P) s a p‘aﬂobabiuhf space
ond §Ap, Aoy o AQE is o porthhion of the

5cunple space 5. Consfofm H)th Agsr Ago> .,.Anéf
ond event B is in )y as well,. so,

P(Am/9> = ﬂ?ﬁﬁ)j@/—/
i P(&/n;) P(AT)

0

|= 1
whero , A v




== p(A)= P(ANS) = p(AN(wLB))

hete, ANW apd

i PC@OW) e (AOB>> ANG W@ disjofn}

= p(Aow)+ P(ANB)
Using Bayes Formoula PlANW)= P(A/w) P()
We can Wyite P (A0B)= P(A/B) P(8)

P(K) = p(a/e) P(B) + P(A/W)P(W)

Now, p(A/w) = Probability Hhat white badl is
dvavin from box 2, given that
the dransfouied ball frem box 1
was — White

= =gy
c+d+ 1

Similovel
VL e

PCA/@ R

Then, _ (e+1) Q ¢ b
P(A) oy Cc+d-+17 (EIB)+ (c+d+1) @)

o i (c+1) + be
(c+d+1) (otb)

ot +atbe

w(é+0l+1) (a+b) / okl
PR

)



Problermn !
Svppose,, Hheree  are fhneaiygﬁfyngs 'n o

toornoment. A B, 0
O D ol R
(e B0 %

Youre co'lnn}nﬂ chaaee agou:nsf A, B,C types
ore 03,04, O'F 'Y‘éSPQCHVe[y.
Assome  thot,
You ploy o mofeh, so,
M) wWhot is the obobili thot you Wi
) Hhe mofch ?P’Y’ +7 e
b) what is Hhe PT’ObOJD”H’y thodt Vo P!ayeof
agau,nst A~h/po plmym ? Given, Yot Won

Ar 3
S B —0p p() = 025

nets  define W= You Win i the mateh.
S0, P(W/A>—': 0% A,B,C NTe Hro
Yo il Bloyges Type a”fﬁz
PCW/BDHOH H\,Q)foomoﬁa’o: {7
P(W/e)= 0B | Also, thain unuoT-
Then, will  give all Hho
P(w)= P(W/A> P(A) + ployert Types
p(w/B) P(E) T
p (w/e) PE) e tihion
= (O*BH%E) 'f’(o.t.,x 0’26) Q Conc@PJf

kA (0-5” X o-;us) Tofaf P“r’obab'\\hb,
= o« 3IE An st Liaw




We have fo JC!’I’)OF ouf P(A/W> = ?

Using Bayes Formola

P(A/w>..—: P(WA) PA) _ o3x05
P(w) L

9 Consider bi’nany communicodion chonnd as:
_ € ‘

SQnGUnB
SQnoﬂ
P.’H CL b + 1

=]
As We see, P’?ﬁobabiu-Py of Sm&@nﬂ T p
Probability of sending™ (o is q=1P
Given thof 1 is send, |
Probability of weeriving 1 15 1-0
Pwobabil of yeeerving 018 1L
Gitven Had o U;T &
0 15 &
PwobabIL?hj of wiinj 6 is 1-¢
P'rmbabim*y of 'Y’Q&Q,éu'rnﬁ T
9P, what 15 the p*wobabilf'H] Hhof 1
han been eowwecﬂy reeatvod . 9

Ansier We con not consider that 1-n
a3 the sole p%obopb:‘uw\



Becavsa, ;
1 con be wvecejued becouse of a
0 transmission as well.

As Wmsm:'fﬁng cithot xewo or one 1S muvLua”y

exelvsive, e can Lse e concept of panfition
50, S, = O is send = O is reecived
61 p i seni Q,‘: 1L r Yeceived

Us?ng total prvobabili@ lawy
PR ) = P(Ryss)) PG+ P(Ref3,) P(3)
= [4-aJF & E(&p)

lietrs extend 1t furthot
suppose  we have veeeived 1.,

What te lthe p"robab1'h'+7 Hod 1
WO ohiﬂina“y 5@1?

Thok 15, we arce infocesteX in,

PC51 /RD B P(Q1/Sl’_‘1 P(S___D ?

PR
| MR t

(1-n)pP + €(1-P)




Q. Simplify the counfable  collection of Lnions
o -1 o0 =1

U [5, g—(on) e o
=4 Fl=i

N
- [5,8—§i]t)[598”fj Ulﬁag‘éj o
A — = il 2 o

[ Ty
= B2 As, N—rovs o =0
S0, P =

Q. Soppose. Vote ;mpma’c devices ‘frrom Hhree

I ces !’
d;ffmw_rup v e Sowree defective.
Pa’ropowﬁm of devices A 5005
VoL import  Jom B 01001
diffocent sovrtees c o001
At OB [0y
it s

OQ P"(’DbabiU‘]'\f Hhootf o ncunafcrmly se lected
dovice 15 d)ef@CJHVQ anodl  yob M ois

from  sowtee. A IS p(D/A)=T
P(d) = P(D/a)P(A) + P(p/p) P(8) +P(Pe)PH
—  (0005) 05 + (0-00f) 0oL + (001) 04
= 00066

. P/ PR) _ 080 x0'5
P(ip) = p (P BT

———
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p(e/p) = P®/B) PE)

P(D)
01001 X O*/ — 00152
[ O 006
D i s O01 x O G
PCC/D> S O i

PCD> 0'0 066



