We can ask o Jondamentod question

Posihon

Wwhy do we deseribe a yandom
vartable (RV) as a mapping in the
fivst place ?

Insighi on physfoaf problems, such on ‘nduced
corrend on a plaeed antenna beeavse of Hhwmal
movernent 0f chcmﬁes i any vam INsfon e
of time

Seaorw(l\/, we can define mulHple randem
voriobles on o wandom  expotument

Tn faet, we con ge,no)taﬂze the simple
pandom voruables  fo wandom proeesses

o Sfochoshe pyoeesses. )

Sequante. of Rvs of mjfvm
Hime p(ﬂ'nf sohm' Hhe exPQ)u'ﬂunt
Invohves dyrwnuc evoluvhion-

gt W ;:\\H-.. A
TR oaws 'n Hme. Por instarue,
T NG W pbsatuing & povdticle moving
N 4 0
i Y’ano@o*mhj in Hime.

Tf the position is tracked
and.  moltple obseorvations

ore made , pos}Hon of Hhe

v e porctele of a g]}ucm Hme
point will be o sequene

of RVs,



A few examples !

el (55 ) baos probability space and
assvme thol ouent. A &), We conrn-

Aefine.  ~andom varuable
X(w) = L (w)

v Aﬂalﬂ, S()PPOSQ oC oﬁl'g hog SiIx COIO'T‘QJ
side and tHhe die e wolled a» the
~and.or expe)u':r*na:zrv/fl | el

& = § Reel, Graan, Yellow, Blve, Cyan, Hogenk|
F= Y(s)

We. con define o vondorn vouable (RV)
as follows :

X(R) =1, x@)=2, X(Y)=3, x(e)--—-qi}
%CG-) e XCM) =6 measuredble RV

W et say  we seleel o yesisfor o
vondom from o box of resistors and

Mmeosore s value .

B instonee, Jor He die expe)'ulmmp we_
chopse a BRBeorel el 51.5 +o Q5 e (P

p*f’e—fmn.,ge we will have sinﬂlehﬂﬂ sef {Ri{
£ the Povel sel 1s foKen o Hhe infotuad [15
Thert, pre-image of Mot wovtd be

{Reaé, Gvemj , wheeh will be In
Thot 1S, measourtable Pt PR, Gk



So, the discussion shotws Hiod
weo cont tunk of o yandom voruable

in two woys :
Mathematically, @ yandem vauable 15 A
measuicable funchon from (8,7, P) o IR,

@ PY*QGJSQ moﬁwemah'ca«f Lo axy t+o
think about a RV

Imtuih'\/el\f, SUmQHu'ng t ol takKes on veal values
ol mondom. 2
The euteomes of a voandom
eprﬂimem{, whate Yeal valves e 3Qrwmhci

ol vandom Ce, B(€)9p>, whtwe €C IR

sef of all possible valves Hhat
can be foken of ot random

B Given a vandom Uoruoble  with mange
Iphee’ 1B E Ry WSO consfruet o

pwobabiu-}-y space (& B(e). P%).

Then, Hhe QUQSh'OTL 18 —

How do we desevibe B¢

> Discyefe
Two cases

Ly CO(LH NLOLS



D' 4 ’
tscvefe Case ! Foyr R, we can use Hhe

pyrobabi LH'I/ mass funchon (PO, Aenoted on
Wi th pfwopmh'as : @ P%(’)Q 7 0. iy E €

® 5 geo=1

€L

Conhnovous Case ! :
For conhpvovs case, We s the

probability density funetion (pdf) 1o assign

==,
R (@)= g@ §00dx , Vg e B(E)
with P%OPth'QS on ! @ f%@c‘) 5Tk Ve &€
() g{zo‘%@()d’x =

conhinuovs cose 18 the uneoundable sample spoce

Howevere, ouvarnn in the discrefe case we hauve

enovmousw l())tﬁé nombert of Qv
assiﬂning pYobocbi LiHes fo oll Hhose ore not

Simple sl To moke M proeess eas! ert
diffoand  modhematical tools are vsed and
st sweh tool 18 Mre

Comvulahve Distribufion FuneHon,
shorily kown o CDF



Defirubon of ¢bF

Given o wandom voiable X defined on
(5,71., P) thod includes o new pyvobabih‘ﬁ]/ space

le, B(O). R). the evmolative disfribuhion forctien
‘odf” of X 13 defined as

=G = R (G o0 o) = RC <o)
galpho\ - p({wéS‘X(@)é‘X})
= P(ﬁi'((-—av,o{[) X EIR

the cd€ pot ton accomodates
altotnotive options.

Foy fnsfancq
ae = P@sérx])
represents avent

{wGQIKCw)gxz € F

set of all w " the sample spoce

oS Oﬁ’e‘fw"rw,oé e & P)
[ Essence of F (k)

% Tf we know R (<)
1t complefely sPec’/iﬁes Mae _‘pmbab}li{ry

measuvite p%c,D

As obsercued,

we know Hhod. Tt is possible to constrvel anyJef
£ e BOR), W F cks o Hhe evend, U\‘S?hg
sountoble  gequenee of sof opotakions on the
{n{ef(,vals O_f HQJL fD’Pm (-Foo, Xn].



Al’rhowgh sen -closo semi-opert intervals axe
consideved, Ut is aclLuaH\], possible. Becavse,

we already have seen Hhat any ovent F
in He Borel field b\/ Pej'cfaT'ming Q
countable Jequent of sef oPg)mH(;m on.
the open infowal of the form (,,p)

wWe saw Hab it s not hod o gd
infowals of the form G—oO, an Trom
(% Br) Types of infowals.

Fov Insfanee,

[a,b) = 4afU (a,b) € B(R)
(a,b] = (a,b)uib{ € B IR)
ekl = ia?u(a,b)(/%bf ¢ B(R)
So,  toe wwife ’";CX”j': &(G’O@’ xf’j>
That s, J‘S’rwbﬁnﬂ from  cdf P%Co(), i
/ 1S P@Sg?b[e +o gef P%C) Jore

meons thot m
apE 1e o ?”?f se/f @VQ”’D we - ORe mﬁwesfecﬁ
comple%e 1N

p‘n@babiU“Sﬁdw
J@seﬁphmﬁ of oy vondem prmfm.uu{



So, the cdAf 1s deffned as:

FACT Rl 6 b i ¥R
e_venh?kxﬁn_cj ot X <%

= P\x((-—oa,x]>, Vx € IR
= P({wes[%@a}@Q), Vx € IR,

Pwopoﬂ-ﬁ@s of cdf
1. r—;(—f—oo):i and {i(-—w) = 6

Eplaten F o) = P({x < +oof)
C"zzz;n";;‘:é

Rl
e €0) = P({x <—=9))

Lo g
fmpossible event

AR
5. T8 a; &g bk ihe) OGS K
Explanotion E o) = P%( “"O’Xf:D
R ()= % ((- D%QD

Obseorwing Mhe veel lne, we can Lorite
(o0, X4] C (= o0, (xz]
we can wyife (—o0,%Xy| on the
oUsjoir»t Sed3
(f\-o{)? ‘[Z] = C""OO) '7C1j U (‘X1 9@

vruwon of two



7 R (Co.X]) = P%<(-oo, x| U (%, x,z:])

— &(CﬂOO,Xj])‘," &((x,,mj)
= r;;("’@) = F%Crx1>+ &@,,xg)

which is gnegdeh thon

TRV S o e

3. P(ixgo{{): i1~ F%C)
The event {XSa] = "{ \<o¢3
As, ix>06] ond §)\(<o¢§ oJe 0(1'5)'01'%
Hheiy onion
{x%x? U{%@é} i
P P(fxya]) + P({rge])= PCO)
S p(pox]) = 1= PEX<])
= BOIX Sl =l R (R

He Tf x, <x,, then P3x< g%ﬁ):p;(xg)*a(m)

1

We con write (-0, x,] as the vnion of
two disjoint sel

(oo, wa] = Coorm] U (%e0 %]
SN P(%‘“OO <x\<x?\}> = P({-—wo <X\<'>C1}U§’XI<K\<X2})



Usinﬂ Hhe defirdtHon, we can wnrite
F%(’)(O = F)’KC’K{) Iz P({%j <X éxz’}>

= P({'ﬁ <%\<7Cz}> == F'%(%LD“I;CXO
Pproved
o Riﬂhjf contt ﬂui}\f of CDF

o F%C) 15 ‘mghi crntinuovs, 1t means that

Yx€IR, éllfto Ot £) F%(’)c)
Tgpsi lon s appwoucht'rg 20
el considet ey o
Gy ciac iyl DIDPEBC )y
R e e B
Now, cohsidoc the j'o”cm'mﬂ

i e ) » I PSS

n—Y oo
/—’————'

.
Q we uvse €, howe, on 0 freK go that

e can dleal cotH countable
oruohs % *niorcsections

A0 i F (k) e haue Uneeunik

€0 2 A S tonthinuous

Mﬁ@%bw

Bty We connot deal
W Hh uneovnfoble vuons
ov intacseehions



Thot is 3

K _ lim p(§X ¢ xted
EJ',? R (x4 €) i ({X s )
= lim p({xé°<+€r3>

N~y 00
We can. opite 1t Intotms of 0 on

= liw p(fe] X(w) <t €n])

N~ o

= Pl () {0 X(w) <xt En>
KM .

—
———

e R e S
' I 'y 4

==

Y T
S0, ?afmse&ﬁm Ke,eps Hhe. smallesf
pact frome all the pOSgibiLi‘HQG

= p(§ofus<})= P({x<x)
= l:x(%)

Genotally,  ope need not be conhnuows, bud He
Tghi—cmh'mdhf must be safisfred.  Any  fundion
thot sokisfies He mghifw%'mu}xj, monofordcily
a In2, the propethies chown n 1, I8
eli87bla to be My vonclom veruable .

CDF of Some



Anothert CD'F PY’OPQTC'f'(f:

Assome | P({\X—ﬁ%} stands for praobabilf@
that X is equaf to ~ the poutﬁ'cularc number

Lor — - Lhes,
pix=n))= R K(%)

Whow, o x; s ‘mﬁ"nj'}es?ma”y smallew point
than %o

e Elz]o 5 (%= €)

We can pwove it as follows:
F;\Cxo) h F;%CKOH)
= R (Ge0,%])-lMm R 0o €)
€0

= Be((», ><o]> — i &(("00, x""ej)

¢—0

Slinfy (vt %)) = & (1x=21)



De firution : we wecall the concept of vandem
voruoble X

Givernn a vondom voruable x defined

o (5)‘):, P) qu& fhduaes o LiRe o pw*obaBlU"’y
space Ce; >(e), F;), Hhe cuomulatuve distribuhon

funchon Ced$) of X i< Ae fined an
EED = B (E «]) = &(ix]x <))
= P gmes]xc@gx])
= P@{’Céoo,od)), « IR,
= P({xg«]), x€ER

Whete, p is the wange space of X andECIR

Aso, the cdf 1s the complefe pTobab}usHQ
descviption of X.

As we a('reooﬂ\f have seen Hyof P’}’aobabiusﬁc_
Aescwiption 15 o Compogf“Han betwean (yoand P ()

1
F%:: Po X

P-raop@dr'e_s of Me edf ¢
1. R (re) =1 At R Em)=o
2. Tf %<y . then Re(x) S P ()
p(ixrx]) = - R0, VxeR
b If X <X, HFher
p(fx, < X <% ) = Fa)=FK(xn)

N



. cef s Yoiﬂhiconﬁnuous. That is,
R Il ehfé Fa(xte) = Ko

6. = 0 7
p({x=%]) = E(e) ~ R ()

whelte, E (o I -
{2 i S



prc\)" of Ro.ndom Voriobles
RBosced on whether the cDF is continuous or
not, vondorn vordobles are subdivided info two

5ubclasses : ,
{1 ConHnuovs randerm voruoble
2. Discvete voandern vardable

Deffr'ulf_lomf A vonderm voluaoble s obsolu’rely
conhnvouvs f ]:C%) thod is the cdf, is Hha

continvovs fvﬁd"lcn’) ol G That 1s, continvous
ol ol Pom}s 7 =4
1?_&_(“)_ o e A not o Conhr)uous Ry
continvous RV jf C{;sconf"”l)'l‘"y
s 10 5 -———4"/ 01 1 W20 .
- s e ,,_ﬁ_ﬁ_> e | LI —_— 25 >
3 Xo x

Discrefe RV I A qaandem wvaruable is discrefe if Hhe RV
faKes on valves from a discrefe (finife ov counfable)

cobset of IR.
f FPor o d:'scmfe hanﬁ?@m kuable the cpF

s o sturcase funetion.

1 -
P%(Tz ) {

e

(Tf)f

r{{%— x,})




Pﬁob‘abi!i-[«f Dfmsi'( Fonetion ©  The p"PObabiUhf
density foncHon ‘of a wondem voviable s

definecl an the docvotive of the cXf omea_
')’Darwfcrm varwob le wiHN Y’QQPQ,CJ +o Cw‘wp'{')x:

& (0L e RED
() e

JC%C’?O SRR ond
+ o0

Wheree

Gy Shifting Properchies :
e I .ng\ie Qur 3oal e 1o deal
with the dotivalive of the step discontinuities.
o do so, lets considec the Divac defte fn,

(
&= fonehon ¢

> hame;f oYL
'De,no’reo@ava 800 Physr(‘rsi Paol Divac

C»UQOF- deﬁnea@ as:® 5(%>209 V,x?ég
o 5“’05@) dx = g Stadr=4
e TR hoVEN0

é(’at"Zo)::O,, V% £ %,
S enif g
The o P’FOPQJ'C'HQS' ond (i) give vise ‘o
Hhe sh'ef'h'nﬁ pwrvopemh'eé; of the Dirac
delfee  fonetion -

fog ) 8 () A = [ 9(xe) & a)4x
o — 00
o g § g dx = JO)

= 1, vwrea

From @ e can Write



\59, e Ob'[’&&l’\ the .S[Q;t:r’f“l'lQQ P)ﬁopgc{—(f ab®
o)
§ 96 SCx=%) cx = gD

-0

Example

Suppose, we haove

UCx-—xO = :LEXO’oO)(x) = {iqxéixwoo)

: { U (:_ Xo ) ({‘i 8-%0) t O, %éeoogzo)
o k
BB o -
So, .%C u(f):xo) = gl ThazL 14
R = 'iiili‘;
e 1 =

Consider o vondom vauable thot is the numaedcal
ovteomes of 'Y?ollfnﬂ o fair die,

G ecch faee s
> R
F%C”Q = P ({ X é%}) equally LtREI\/
5 e el T O )
i é— 11—_1’007 it 6 1[2900 o G [2,0)
A (e a5 RPN I W
i 6 LL"OOD i 6 LE’,OO>+ 6 [6;“))

= §09 = ;—'(L R ()
— %5(’(‘"1} -+ %5(’:&2) +_éf;-. (S('x_~3>
I _é— cS“Cx-—LO + —é’—é"(x—g)+ —é—é"@c%;)



The plots of cdf ond pdf of-'Hw_ numutecd

ovleomes of Hhe vandeom varwoble

F(ﬁc)ﬂ?1 s For insfance,
= S =
oot
g o W N L B

The. covresPoncﬂnﬂ df 'f%('k)
()

®® @ 6w

EANASRES

PY”OPQ)CHQS of the BAf Uar Wi IRY Y
1, f%&) 50, Vx€EIR

2. ROO= § B £0 dx
i —ob

s os follows !



For a continuovs Yandeom vaviable X,
Xo+ AX

PC{%S %W a Xk A’}cz> — 5 j-%@:)dcx

= S (). AX

P
for small Ax

As we see, accuhoey
INCPreases as AXHO0

We can uvse the fondomendod defirution of

dercivetive ¢
F (a0 — B (%) :
= A

= f%(fx). ax. = & (xt AY) - R ()

v p@X <%<x+A-x}>

Im{w@eshnﬂl% e pdf D S
Ry and c0mple|“e|\/ ignow the uno?ercl\ffnﬂ S, 7.P)

Hotwev o, Uncferc.\\fmg (8,7, P) 1
fhore, we just dorn't Hunk a
Hoe P"Y’ObaﬁJ"‘j apoee. and rmove.
e e e el

Fromple : ,
A rondom varteable s Known an a Gavssian

vondom vorwable if 9 hae a-pdf oft the form
X)) = = _ (= ) o
5;\\(.%') = \rﬁ 6 Q?(P{ 26"” . VZ o }R

wharto , ueEIR. oand &S50



So, Using Tz pAf 10 Gavssiouy, e  carn
colevliate the edf on jollotys

Le % XU
F() = Soo %500 Ax = —f—;é "-"P{ (D] dx

—
i.e
? j\fﬁiﬂsex’) )54(

A

K S, Hal
% Thid i il
-0
= o (=)
Genanally, Cb() connot be wrilten in elosed

St Lk 18 numerucallv calevlated and s
Lidely tobulated.

It

So, if X 15 a Gavssian RV with parametercs
WelR  and 650, ten

P(a<x <)) = ¢ (x4~ ¢ (az4))

Fxample : Un,ifcmmf\f distriboted RV
A vandom voruoble X hae .o vniform
Aistribution >\<"’ ufa,b] , a<b if

= s 1 )
%00 = g Iy




So, the cdf wouvld be :

% X
= e 46D dp
F;((x) = S f%(/’) j =
Y fc Av = —— ‘f A
e b-o Y b-0. T
( L i | Y —
/ - b-a Ep]o« 3 -—a< ¥
| 569

Ex:ampfe;’ Bi’r‘zomia“y distriboled RV
A bfnomial[\( disfribvfed RV s a discrefe RV, Tt
Fakes values fromn  the  sef {0, L n] C IR

with.  pmf K n-K
P%(K)_JC’:) T (1-P) " whem
‘ R O, 1, 2 sud ei n

The cdf of Hus RV can pe Jo, 1]

be CC’\-’QU"’JQ& o L} pjnobg.b}lihf of ogeconitence

O[’ eoch javowabfe. owfesmes

RO = P(fx<]
s mG) ) I ‘H%?_, m(x) 15 an
= <K> pN (,-FD” * | integex  such that-

K=0 M () L < mME)+1



AN
g === : F————
W)
o) e TR @)
1 :
Qgﬂ k. { poe !
7 K v o
() E,__i_
g\ \> i—.-% -ttt —) —f—
0 i seen e e SR SR G et £

So, the Pol{ ploJc "r'equ‘wes the, deorciuative of
Hhe  stourcase cdf and He sh,lf-h'n\cj .Pwo?xm}y
becomes useful.

- AR 4

s eI Eainl RN ReUSO. E(x-¥)

Ax
K=0 Bfnoﬂmﬂ‘«f me
could, be

@)
2 LR e S0
K=0
A

& b 1%) )
o o o o o o2 of Al o o)

EOCELRIETS

0 IR M BRI AN - T

~

Examplet ExPomanxH\f Distriboted RV

A vondom vorcoble with o pdf  of the form
L — (XX — XX
f%@) = Xe . 1):%7?20) e X0
o % 40
Whote , XSo6, 15 Known on

expcmenh‘al 'Yaandg? varttable with parcamdem
: 0{ X%
.

S XK



Liels considec the case M= {)\( SC{} CaEeR
£ (/M) = P(Ex<x] [ fx<a)
- P(fR<xjaiRed)

P(ix <al)
Now, when xyO, |
then p({x <x] ﬂ{"éaw
= p(£%48%) 5,
so, F%(’X/M) — P({S\( \<a3> = M = 1
where -2 L4, 4o é(%x\cxﬁn{%éa])
= p(1x <))
o, ' E()
I, e/ = M = 5
) P(sx <al) FCY,
. Fy() =<4
5 wippd ] =
R (M) { Gl Uy
A (A K@) is aloays
1+ smalloe than or
E ) equal fo 1, and
henee, red Line
should  be
| obove the black
= : Ung.. JJ/
. G divided by less




The. condutional Pdf can be caleuvlated by

Jmki’nﬂ dotivaHves W.nt  x.

._ f%(x[gxsan = 0"6&;{({%“}7

= ‘;f%(f‘&) LLO
R @

0 '

%1% a

A picriod wepresentation goes an Jollows :

$,(x/§%<27)

SR
/’\w

e e e / (X'

@ M covlbe defined ant M= {b< xga}, b<a

so, F, (/M) = K (¢[{b<x<0])
i p(gmx]/{b«éa])

L ﬂﬁgmgngbméa})

o <x<a})

Thutee dishnet coses .
s o 2, b<xXLA

o

\-‘.‘-



Conditional Distribufions

Givon—C55 P>, assvme thal X is a
vondom vordable defined on 1he pmobabilify
space Gy, P). Considert Hhat A, M € 7, then

P(A/M) = P(';?Sl, P(M) o

Wet's assume, 2 b % X g'xj - {me S]%(w)éx]

T AN SRIY = RN

Q This ig the conditionad edf of the
RV X conditiem om everst M

Definttion : r . 0 in =
RY ¥ conditiohed ‘ot MED Tis
e PGX <1/
- P(Lxsx} aM)
P(M)
The definition of FE (x/M) is similore o that
of the R (%), exeept o1 hhe fad Haaf
the. conditional probabil rneasue
PC./rvO instead of the pwobabiUi—y
me.osbree PC‘>' So, ?i(x/M) han all
PO = B Cl) TP
valid prokobilily  is a valid | edf,

measuie edf

ﬁgah& p({a < X éb}/M) = F%(b/yvo - F)%\(Ck/Mv




DQfIJm'“['l‘Or’?'. conditonal ("’ﬁobab'fl/i'h/ DQ!')SHL/ €

The conditional p’b"obabili'h/ cfer)93+\/ i€ of
vandom varuable X conditioned on ME ¥

g ! Jf,\x(x /"’0 4 d;{i Cx /M)

Froorm the Cdf &(%/M} , We can say H,w/{-
'fC')C/M) i | the. “valigl i paf That 1s,

E(x/M) is a : :
™ it (X/M s o valid
U T )dea

As 3‘%(%/1\0 s a valid pdf, it aleo T
He nNeeessorwy PY‘OP@T-HQS- Fovr instance

P({o&x \<b’j /M) = fbf%(’x/M) AxX

Ce ent !
2 Tn qenocal, we must know the

steucture of (8,7, P) and the exact nmopping
bdng dore Hhrwough X o Adefercrmine. F—;&('K/M)
o the condiHonad pdf f%(%/M)‘

Inf@ﬂQSHngf% Even/{l i Mesoitiibe defl'necé
Ugfnﬂ e R 5 Foro Instance,
1, M= iX SQ} y LI E I

2. M= {b<>§<<a] a.b eiR. and
" b<a



00'!496. ‘ (o 'H._f»-/Q b ( -‘;fﬁrr: !)z .fﬁx 'a-n. 1

on ek A, gluen Hodf  we already know M, 'tien,

Hee definlbon of trvoli'Honal 'szrim_,@f LH—? Feuer —
P(A[M) = Pm’ba,grih' MA{ 54.\(% Mo

()= T L
M , P(H) >0 oo (3)
P(M)

Heb's commbon  funbhon Hal Hoe omenf A= LX<X(

Thof 15, & vendrm verveebte S\(Rma.‘/a,@.u-

Lns Hewown or o_qu_o\f o E{{H.X.‘V_DV&JV&,’

A= X< = gwe.S/sz;(m) _{.x?
g Sounple- specea.

ﬂl\.gurw.c

)

so, From Eg. 1, we obfain

P(All"’l):P({KgxalM) L e eh grQuw we Hee
CGTIGQAJ"IGYL&\-G Cu_muM've. Dfev'p‘h‘lbu-ﬁl'a‘rw F.Lru,\afcnq CQ'DF:)
cerf M. Hoe, M EY auwl it has abuoaoly
u—z,u.duvwg.

Defirnbion ¢ The eonlibioviald adE o Hie Randu
Vordable (RV) of X comolibomecl om b PN o
ME F s G&J—nmﬂ—ﬂé an |
ACDERIASIL)
= PC{XSX’{QM}_) X € IR
po,o P(M')fsk

m CamScanner



https://v3.camscanner.com/user/download

The a@c,f«'n,c‘Hcrﬁ o;r Hie F%('Jc:’M) s Veruy st (soe fo
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