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Review’ Mapping and Fonctions

Definiion :  goon two abstrach spaces S and A,
on A-valved  fonetion is Aefined as

2% g5 A

whute, 4" assigns A specifie elerment
oy A 1o koch elerment of S

So, asguming bhod e 2. we con Wwrite
APl & A vioE S

Em— e
withm f: 56— A S Domwnﬁ%ﬁﬁgﬁ}w
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Wwhen toe sf'uo?\f ool valved €, Hhe defP
oppeacs os Jollows : iy Tp iR S=(R
A= IR

Definition : Lief<s coneidert two sefs B s
w%GCA

we dlefine  fmage of F under f
AS
j(r:):—-{aeA: o= o) or
some € F]
Hha PT‘Q—?mo«ﬂe or THVQ)‘csef?MOﬁe of

A undet S s defindd as :
5&-1@02%&365: J”(w)EGK

and,



That s, |
f(F) s the set of all Pofnﬁf‘s n A

obtouned by mappfng the po?nﬁ of
F undoc the definition of 7

fﬂj@o s Hhe set of all poin‘fs we S
that rmap to G
Pieforial vqpmsenfmafo*n : A

Now, Co-Domain acting as Doradn

1 Genwrally, in caleovlus  we 5+ud\f voea|-valued
tuncHons of ool variable

NG we See
2 IR 5 IR !

A=IR




[ch Why do we gfucﬁy vandom vardab les

We percform GXPQfdeW}S fo measure a quon"ﬁ'ly,
chorcacfod2e a sysfem. All the axpw'menfs,genmmuy,
have diffeent form of outeomes.

%o, 1t 15 common Hat  ouvfeomes of prm'men,fg
ovce interpyeted, and often

We mowy not be ‘nlocested In the.
precise euvteome, vathet QA moda fied

Jorm using fonctional roapping  be
of oure interest.

3aneraates 518
nurnbet

FExamples of expartiments !
for instance,

¢ Suppose, we e mea.suru'ng indveed
olectric sltient In - onténna doe 1o Yoo

thorrmal  motion of ehaltges

@ SUPPOSQ, we have o coin on& we
pertform. N tesses. Now, we arte
nfercested In the NnUM bore of hood s
in Hhe sequence SW"J@"@ of terc

N-fosses. 2 infetesting ly,

we dont considet b
oxaef sequeriee

Herco,
' ’ Qadl outecome PYbovf’uces o Nnumberc

frrom. o numercicod ﬁJhbﬁm’)



Tntuitivel Vi

‘C-ri've_n, (&, r. P)} o vondom varuable
s a mapping  from the sample space 5
1s s real Mae RN TS Ube dendte.

vandom vardable by X, then
X! 66—~ IR, The pictorial represenutin

s as follows :

ng CO.| 2 l/Ol e LOK aJte HLQ— OU/P—_E.OmQS M
Hho. co*r“r“é_sPOrwanﬁ numart e valves are
X)) » X, ) eo- X (k)

o, the [0, ' o mandoem Q)LPQ)‘CLYTWJVE , the.
”gﬁmWC“I volve. of @ s chosen. oA ~yondorm.
B Poss? ble ouwfeome. of

becomes |Pecolse Of Hhe

randsm _JHLQ QXPQ)“C:wm_ﬂJPT

Obsecuvation .
¢ Random vortioble X = o func/f‘rmfmm
somple space o 4o the ~reod Une IR

¢ The. totrm Y random ” ndicofes the |
the Lnoledying vanolomness  of choosing
A elermants oag Seeow e somple spate



* When the valve of w Is Sfixed, He
mapp[n9 fonchon X (w) genencu‘es o
fixed uvalve from IR

N In’rertesﬁnﬂfy,,

P’POBOLBIU'IV meoasure 1S osgocialed
with. events, whateas

Random vordable is ossociated with
each Qlemm{'aru/ oufeome. of Hhe
sanmple_ spoee.,

In shovt, the yondomnoys in the obsorwed
volve X)) Jor the suteome O Is due

o the randormnest of it @S lin.. ARy
vandor axp@—cim,erv'g Ae fined o

(2 B

vondom. Instea, i i

an de‘f@—c.m':rJS'Hd-

I Obsocvation :

Not all subsels of the sample
spote e consideted o evends, and Hhe same
goes for Hne oo vortoble . That ls, |
not oll fonchons  from S o IR v eonsiderd
an rondom  vercoble



¢o, yondom voriable X g a 1 with
trouts as:

The furchon X! $->IR has the
propochy Huod its output  inherdts o
p'Y“ObOLb‘lLH’y measvce Jfrom P In the
probability  space defined on (S, 7, P)

lietss vecall the concep"c of Boyel Sef Ogain

Given S and o ;fann}ly of subsels

(= {A’L, = I} of 45,  the o-8leld ngma-fl%’d)
geng_rcafed by G, denoted. as 6@G), is Hre.
cmollest 6 field Confm'm'ng all Mhe svbsefs in G.

S0, whan S=IR,
we need the smallest

6-field contauung all the open infercval s
Ca,bD, O by 1 | Qbi €
15

Thot 15, we want
6@1) . whuwe G= (a9b>, Vab€IR
{ oond a<b}
Tntferest ng [\/ ,
8@ confouns  all the couanloble

sequences of set opertations  [Union U

oleng toith the oPm' Tntercgeetion 0
C,omplememE .
f open Infovals

infercuads |
on arw colleetion o



Wi Ho Umfm&’ran&fnﬁ on 6-field, we can now
dofine Bovel field ™ and Bovel Sete,

Bovel feld
Givern Hie sef of real numbers

IR, the Bowel field of IR, denofed as B(R),
is defined as He &-freld gejmm‘ea( b\/

open infocuals

Gx:{(o)b): Va,be iR and a<b}

Povel Sel ¢+ The membeots of B(fR) ovte. Known
ae DPovel sefs.

As the Borel field confoune all the open
‘ndercuod, it also condouns e belsw
'nfercvals :

O‘O 0
-(‘""D’b) L nl;Ji (b-n, b) ~ lm Em, b)

M- o0
o0 y
COL,OO> = ] COL, Q-l—n): [im (Cl, m>
ity m — od
(0] = O (a-- 0+ k) = lim G- arh)
LK [1=p o8

(O\,,b:] = Co\,b)U{b3 e B(R) |



In addition to all these interuals, all
finife and covntable sequences of s}
opw‘ms of bLnIONS (u'), infortsecetions (ﬂ).)
Aot @,Ompjeﬁmn}g C-—) of those infervals
wWill be in  the BRorel Fleld B(R).

Tn shoyt, 3
B(IR) ineludes all the sobsefs of

=R that we ecould be nlecested . One
m'ngh/{ ask if il s suffident o not.

In{‘mesﬁ'ngf\f, P“ﬂovfnﬁ Mot
BOR) F WY(R) s alcoays A {frewd T,

Yes, thote moy be Some sefs

thol ore not In Borel field of IR, but those
cets ore strange and of no inferests in-
probability problems.

Also,  offen., we dort need the whole
vecl Une IR oan the Sanmple Space. Thal is,

Al AC IR example :

o, the cvand spaee  should be
the Boyel field of A, thot s B(A)

we con evl the B(R) 1o obfount the B(A)
p)= { FnA: YF € B(:R)?



with. the wevision of Bove| Field ond Borel
cot, we can now  explove the coneept

of Randlom Voruable,

I+ js not vandom
Th s YRet o varable
Rather, It is @ i’ thadt maps

rondom ouwfeores 0 to
vool numeue valve H)rc(mﬁh o

normedical <
50,  aandom voruable, defined oan o i Sollow
tha cmaoppiing X! S —y R Inhouts a

p*ﬂobabih“n/ measorte jrom P in the undetlying
probobility space CEF P)

SimPlys () should have Hhe
-pmopm'hj | Ve I o ony A E BGR>,
e GO EeTnpliie’ ihe. P’)ﬂobob}li'l—y
2 ).
md any funehior X (1) G Bk
wWe Codn calculafe P%C:) for all AGB@R)

is called o Rorel meosurable funefion



[ Measurable function

lelss considec Cs,jz) be o measuable space.
Then @ fupetion $: 5> IR la ¥ -measurwble
fonehon 1 the pﬁm—image of every Borel set A

e an Y-measurable Sibaol ot B AR

The pTQ»'!mage of A 18 Ofefl'neop as !
$ta) & {mé 5{ fC@éA}

As pert the defiration of measuvrable fonehon,
f: IR Is an F- measurcable g if :F“'CP\)
is an Y-measvrcable subset of S for evoy

Bovel set A. exfenO@rﬂ the, def? for P*ﬁobab}my
spoee.
varuable

Given (8, %, P) & vandem X is an
¥ - measvoble fonchon Xt SR fhom

(5,'}7) to IR, Wl HA P’Y‘OPQ)’C‘['(f on Jollows
‘gﬁvz{waﬂx@QEA}Hmum

] A € B(R)
] Lol T o
Iﬂ. OHLUC WO 57 Q\/Q)‘uf BOTQ{ Soi A é B(’é) 'IS
the avent E in fhe
ovend epoc o=

So, X is o ~vandor \/oniab[e ‘HLQJF maps
everty we s to the real Une IR.



We con represent the ~andom veruoble X
cefinution pu‘c‘rowally as;

X(-) ¢o coold be mapped to

> Gl Hhe Bovel sel A on well
then ) s EsWhue
o be the

IR

spacee ! (IR, B@R)>

Now, the pve-imoage
()2 fwes| Xw) € RpE b
0PI {ndicades that X(®) is

0
1/ on event,

1
I

[H] Pmbob‘;u@ haw of & pandom varyable X
lietrs  denote & an the p“nobabilijry law of
the ~andom vordable X. 86,
Hhe Pwobab‘ru-ldj Y% & of o vondom
vortoble ¥ 1g o function F;(
a: B — [01]
definad 02 p yA(fwes| %09) en)
= p(X'()



As we ObS@lUQ, '
we have two Funchions

acﬁhﬁ here. :
A ‘)\(_1(-> Ch@aﬁnﬂ 'prve-i’mage
a5 P mapping ovent (pwe-fmcge>
1 o | :

Thot is, a composition of funchon P() andl
the Invercse fmage %_‘IC'J- So,

R(Y = PC)OX()

(\5 co mposi Hon notation

—_—

g'(jj_r At Bored Sef
with o Shoet-hand nofation, ~ the pﬂobabluw
oW covld be written  ows . e, jusjt vse the

= poX' | indwcested Borel
L L@%'-aj cot. vight naxt o it
1
P:‘gbab;uw rROS LI




