We otortt ouvte discussiom with
Rasic PYBObCLbHH\/ Tdeas
and the fivst topiec Hraf we would LeKe to

I
foRusien { 1s LTOEL seper i TuRoRY

) why ?

.PT’QCI‘S(ZI(/, He motherafical basie of
PY’ObabilH“(/ is the concept of sef an&
set Hﬂeovy-

For any vandon e,xpcvu'muvflo we  haea/e_
multiple possible cufeomes.

Sef Ccrmepfz p’rmuioge an easy
mechontsm 1o Q.rwmequ“e He unofen(y‘mﬂ
possible ctfeomes  of any givere ~random

expoument.
For example 1 cpnaider “ﬁollinﬁ o four die

Adie+ hos six Jaees
doir: appenance of each face 1
) uaH\/ U Rely .
509 Jr‘lﬁe PoS&]ble OU'&omeg aﬂg_y
= = gi.,Z,@,L{,ET,é,}

@ e o sed
Re defirution, sed 1 a collection
of obyeds.
& could be names, NnuMbeIT S
o ouuaninﬁ.



lieds define o few everds  from the  yandom experimen
of wolling o farr die .

E, = Ovtcome s odd = $4,3, 5]
Ey, = Outeome is divisible lotf = {2, Ly 6}
= Ovteome 1< pw"!me_ = { 2.5 O ’5;

Ae we see howe,
Eoch of the above QVQD/‘]DS coun. be
Tepv’esmfeaﬁ by o subset of the
oléf!'neo(’ 56? S.

cdso, rnoon  an
somnple Space

se] of all poss'able oufeome.s

Feorn Hhis @_xpefuﬂmuv{z’ we. can ask

whou@'ns Hhe Pvaoloabi(i'l}j thod the otfeome is ofd
or, whaf 15 the pwoboub‘lUiy Hod Hhe ouwfeome ic Prime

A—hOH‘M QKPQILLWI’;P: SUPPOSQ, A CoIN 12 ‘l'osseoq twice

s0, the Poss]b[e oufeomes ante SEL el
it HH BT

5=5 HH, HT, TH,TT]
g SR i

E1 =t FLQ&OQ(H) P pOJTS frst = {HH“) HT.,]

By = Tail (T appeasts Sirst = {TH,TT5

Hoto many evends ove possible ?

i il R il; 2.2, 4, ’596§ : ng'sﬁne)P sobsefs would
bl e ==y

Eoch subeed 15 an eue,ni.



Copsia?e)t the coin foss expeviment, whete the
Suur coin is fossel twiee.  hefs ask a queshon

Ts the numbere oj hecds G ?
15 \(ES) Hre Poss?ble oufcomeﬁ ald.

— {HT, TH,TT} ({\/Qﬂl

T5 the answat

EYES
T4 the answyc 14 e s e owleome musl  be
By = 45 e evend

Howevert, both Eves ond Eyne e Hhe subsets

of the ¥ et of possible swdeomes tohen a faty
15 “Ivssepp twice, Thadila: - ke su,!bsq;P of

5= 5 HH BT, TH,TT]
So, on o,ven/% 1S O{effheo' o the subgset of the sample

space.

C,O‘i o

IrﬁweerB[%/’ to :full\/ ehoreeferuze the vandom
axpe)u:me,n/{l, we. must Know Hhe. PYDObOLb'l”‘h/ of
each of the e.vgmﬁ?&

C} dodad nombere of events 1s Hha
total possible subsefs of the

ﬂ{veﬂ sample spotLe .
Sef o qus'lble stfeomes

once the expefumenf is conducied



Event $po.Ce !

The collection of all evenks  is defined

an the eventf space.

Tf cample space 1s S, then o
event space, dencled oo F(S), s :

FE) =$E» Ear By vee e EGL{}
dor o volling of a foux die.
[H] The nollset @ 1s also evend, known on

7mpo ssible event.

(} Tt heVert oecpres wiin o 37\/@'7 experu'muuf‘.

[t Event space 1s the power sel of the sarnp\o_

space.
Sample space s offen mpyés@n-pr o
& Ot Sk

50, g pondom equru"meﬁt s emnpldele dnmafw’zec?

by

77 g8 X0, PG ]

Berile aase C’QW?{EWQ Q_) Prﬁobod)iliﬁf rneasurte
where, JOR TSy~ [_O, l] assigns

p’?ﬁoba)“o'mli‘r\f to each of he evenks in He

event e with minor modificotions

this frameworkK s used. to
describe all of the expouments

01 we reed colid undutstanding of set Hheory



Basic.  Sed Thé@)’*y

B\/ defirution, o st i a  eollechon objecaos.

Nototionally, cuttly-braces  aie vsed to  denste o sef
with  comma Jon\nafeag ofemeants .

5j %————w—*;—')"‘";“‘j
The. totad numbaot of elements  in o sed is the
co\noh'naai*y of H’L@/F SQJF- For Tnsf&n(’({, j)?fhesc}
A=t el
the cww()imo/fify, oleroted on |A[, is 5.

[H) Uruvetse, vruvearcsod sdz., or space
Tn on \ven prooblem,
= : the set con—fouin,inj

all possible elemm?s of indotest is calle

Hhe LUVOTLSE, vnivetsald sel, or space,

Uruoh ©f seds ¢t hets assuMe kuf A and B
orte two sels. Therr  UMON, doroted on A U B, is

Aefired on':
AU@—;E%: xE&EAR OP ’XéBj

Tt 15 aloows assumeag H’La/’f e es, kug :'9,
x 15 In the Spow



Iﬂ%éﬂ&@cﬁm Of -f—wo (_ge,f;g ; —l dl,
The Infersechion of an
e seds A andl >, denote on ANE, is aPeﬁJ‘cnd yaw

Amazgx: xe A and xé B}
= remm 6wl et L set of elements thaf leOTB o
poth A and B. A:{I,%E],B:{?}
o, AGB =7

C‘orﬂp[emervp of o sef -
Assome Hhod the ontvetse

st 18 5
With 'Y’espeof 0.8, the camplen{‘ Rl
set A, s deroted on Aor R, I
defined o
A =T Al
Emphf Sef The sed  thof cordouns no clerment is
known  emnpty sef.

D?J')O'i'e&e o¥p ¢, { }

(¢ s not an emply st s insfead. 1t 1s o
ang(efon sed (mecms, sef of sfnﬁle elemeni)

Disyoind Sel
el wWhen two sefs hove no elements in common
An@-::.(i),OJLO( He \Sek A,B o

disjoint.



$et differcence :
The set diffotence between A and B

is denofed an A-B, and it contwins of A thad

afie not In B3,

A-B=5%x: XEA and %639}
LA™ B

——

A >

7

S/mmdma aifgrante | For the two sets A and B, the
s\jmmeﬁ»ic differience, denoted an A AB, is defined

N . A AB:i%: e A op XEeBs but not l"hbofhj
A £}

D

EqquiJr\f gfoE o A s B s eqUGJ
1f they contoun exaclly the samne clements.
Two sels A and B ovte equod

" ond o*rw\\/ i ACE ond B CA

colleckion of Sefs il s sds/evwﬁ G e

d o
N1e expyesse ; A1 UA, 1 ey UAn

5horthm0( nofohion O A;
=1

\)



Trdotsechon of n eueﬂf’S/Sef’s s éxP'Y‘essea( an

n
=1

AT T

A sets one mutoally exclusive if and only if
AvOLAE ) With 1# )
Wher the collection hos only two sefs, then the fwo

cefs owe  disjoint.

[7] Collectively exhavstive

Agsuome Had the univousal sl S, Hhen

the collection of sets Ay, A,, -
exhovstive  if and only I

P o
i

= UA'LSS
=l
i Algebro of Set Theory

AUB = BUA, . U is commutative
AOND =B0OA 0N commutahive
AU (BUC) = CAU B) UC U is associative
A QO CBOC)—‘:(AO 6)0 ¢ () s associahve

oo Ay 18 CO“(’_(’/HVQIY

ALS =5
AOg =9
AN b
AOA =¢

An(BLE) = (ANB)U(ANE) N is distribubive ovor U
AL ([@NE) =(auB)n (Auc) U is dishributive gven N

ANB = A Ut[_;_ }DQMO’T’BM’Q LW
AUR = ANDB

5. P



Trhdexed collection of Sets

we vse index sel to form o set of sefs.,
Assuming Hhat T is the indexed sel,

{Ai% L€ I} ;Jf’z Tjs incexed colleefion
C sk of sefs.

L> whote, there 18 OTJYOT?@
SQJKA for each 1eT

Tl 1 DS, q}. o,
{Ab, e IE {A;L" ol : AL'?I
A i MO R i Ag_.p 3] Ay~ [2) 4]
Thore fore, the T dexed collection of sefe oo on
below : %A,, e AHB
= {[o.1], [0, 2] [ 3 15 q];
[ Some common index Se,ﬁs:

IN = na}unaj nombets = {l,z,?) ,,,,,, }

Example : Assvme.

Z,= non-negaﬁve In’(ege)r,s = {o, L B S }
g i, f 4 010,288 45 ]
In - ioqlq 2., o 00 il @ n”i]

IR = Reod nuvmbets = (—o0, + oo)



[ Some pwroofs on  algebyo. of sets

A UANG) = At o AU(ANG) = A+ (AB)
= " At+Aal = AS A

-—

Assuml’nﬂ 2 ad the i

7 Prove that (AuB) O(ALE) = AU (B0 <)
— (A+tB)CA+C
G 0Gle) B18) % As, S is the

= AS ' BC unlxjmsal el

hore., we. Ccort
SoN Hhad

,5:: A'*‘B'"‘HC

bsteor==
—~ AA+AB+ ACHDBC

Alhreggy et B Aot DG

—

Anothet ex le .
W RAnaInge. Sxemp Conside  the sed Z, L {o}, thod is
sel of wn-nego«ﬁve realpumbaerts.

we. define A, M
f b A= 0l e

Whwte; 1 N 420 8 T -
1 inclex
So, A1 — [O, L-—T] =2 [09 1_,_11 s [O, O] = [O:]
A= [o, --4]= [0 05] = [6, 05
Applying Hhe coneept of indexed colleckion of sefs
0
5 Anm AU VA o i el
A2l mm [ By sy OB s l)/—\)/o\]l)e s alwoys lon
; o ’ H’Lm i
s we 0~PP17 De Morrgon. Howos,
P c . ¢
(5 o = [1)

n=1




Defirubon:
Svppose, {AD iél} is an Indexed

family of sek then the union of “the faumily s
‘LéA{:{’)C651 'ZéAifOT“aileastom
— 161}

OUXO( Hhe 'm/fejtsec,h'on }s:
() Ay = §x&s ! KEA Jor oll {GI}

el Sounp le. spoce

Defirubion :  Collectively Exhavshve
Azsvme ol @ s @ cubset of sample space

s, Tnaf is, o omi S ond  furchhot assone
A= O

16T
Then wWe con SoN Fh,oug Hhe eo jwm(u/ OfS@fS
A S iel] s collechively exhaustive of @G.
| means thad

shen we TaKe the vnions of the
membere sefs of & ;fwnil\f, we gef
the. sef G.

A dJomily of sefs, olenoted on {A{Q iéI], s
Oosjofnjt if all POJT‘S e oﬂl'sjoini- Pv”a,dsdy,
A E Ba Vel

We vse colleetively exhaoustive ond a?is;join{ c,once,P{

o define o pcm/h'ﬁon,



forctition .

| }1 .A J’armly of sds, olenoted O\O{A{; l'élj
is o parchon of the sample space S if it s
Offsjo'nrv% and it is co[led‘ive,ly ex houshive ovot the
sample spoce S. Thol 15,

U A= 5 ondl AEOA)':—“Qf for all
€1 Moy
W The obove definition 1s for o partibon svert
Hhe wWhole SQMPIQ spoce S, Howevort,

the concept can be exterded for any
subsef G of Hhe sample spoce S.

Foy instanee,

ar Svppose, G55 onAl iA{', iéI}
= e jaxﬂilyof T ot I} Padianag
povttition of GES i f

U A; =G ond A;nAjzgﬁ Jor

€ 1L PR , all p :#)’ ;
c:oHere.[Lf exhaustive Dis)'ofr‘u'e

B Fack © poume Hhal §A7; 1€I] is o povefior
of S, andl ssneder "ol @ o8, et olefine
B; = ANG , L€ T
then . . o |
{D{; LE I} g A POJ(.‘I’)*"‘)O’V) Of é"?
Rroof to prove
HomeworK we hove o show o

UéIBi =@ Collectively exhowsfive
I
B ) B — ¢ y Jor L#J D;sjofm'{i



Trus ideo of pattion and the velafed ‘
veeful  for o Po«ﬂjﬂ'u/vrm {ypeq of df%;gss}ﬁ%
mﬁmel\f the fotod phoba)o':l'aﬁ/ (A i

V m or’rawf? Jor the proo
0?07’80\\/55 Theoyem MP f
veloded resvlls.

le of o porth hon

7 Exomp

L
for Instance, consideot S = {1, 2 3,%5‘,6},

ond o collechon of sets A,ﬂi1,2,5] y
Ap=§H> 5] Ay ={t

As ObSQJ‘L\/QOK, A19AQ_-, A3
A1UA9_UA3=={\,z,agu{aﬁajuge}

= {1,2,3,14,15,@}

ancl AOA=S A(DA, = §

Vo i




e
50, : , tortmineleqies
OV O(rscussmh on  Sel- theoy i e IL/ velotes

]

+o pvnobabﬂiﬁ/, ond can be summoyu zed

os Jollows ¢
56{ "H“@O’Y’y Pﬁob(»\bi{Hy
Set event
Univorcsad sef Sample space
element oufeome

we con stote Hoof

P’a"‘obab'ttt'w
o ond 1 Lot olescribes O&jQ

ovent

Aleo, 'lomgw Mhe numbet, h@hﬂt
Hho Pf\nobabili-}y.
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Size of the sample space S/ﬂ

ole o  Of: & yandom expe)u'men{,
{ of all possible outeomes

{. For fnstance,

SOmele sp
is by definition, is the se
of the vondem e,xpenime,n

& volling o four die has the JoHowfnj

) somple  sSpocLe
Finite 5=$1,2,3, 4,5, ¢

Soum |€ -
oo Rlipping o Jou coln has the sample space

Sper

W T£ the coin 18 flipped Hopiee, Hhe sample

space be.cormes
3 ;Z{HHH,HHT, HTH,HTT, TH

H,THT,TTH,TT'[]

m Diffore .
difforent sample spece SIXE:

m Size of the sample space S con be finife
or Infinite.
Rr Instance,

If we :flfp o coin ond the coin s thyown
o o(’iﬁonuvk hu'ghi5, and  Wwe v

Whereos, Uncovnkoble
sre intowsted whebhet iks H 0P T

oppeaUts n the coin §lips 5= §H, T] Eiite A
countable.



Thod s,
the same expe)u°rne_r1{ con hove difforent

S afe,peno&'nﬁ on.  ouyr Adesived outcome or
overdt of *rdorcest.

Such. scenattto can be fuorcthart obsowed From
the classical
Berctnand Poscadox, which stafes

thod —
Consiolor o civele of vodivs ¥, Assume O ik
on equilateral triangle s instpibed in
cirele.

thed o shsrd of ithe elyle s

Suppose
od wondom. Then,

Apawn

whot is the pnobcxbih’ﬁ/ thod the chord
\s longee than the side "of the Jmianjle.?

6?[Uﬁ\0ns f\ Appnoach  IRIRL A 15 the Y‘“OF"US
e ’ W cuv{m caf Hhe ervele o«nﬂp the w»@noio[)
SO

,\* of the i b Qe Same. SO,
thord 1 yadivs of amall elvele is Y%_
v As we see, 1§ the m':o@-poi'rvf of the

vondomly Arown chords (chord L, c)hzrm?z)

Y% A e ng de Hhe smallert C,‘nsm}’bea@
' \ civele, the chord NMA be. grealdc than
AN Yhe <ide of HLQ,'l‘rvlwvﬁfe. 53, the
% phobability wowld be 7((1%3'/ |
Appﬂoachzt Seleet o po'trv\! on e 7\‘@;‘»)"’—?

o eive]e,

equllaf‘mai +etangle hon 60
betogen two Sictes. so, whon the chopd makes an an le
Q@ 60 Kk 0KI120°, tHhano the chond woudd R lartge)-c o
the side of the triangle. $o, pwobobility ould be
Tl et 1
I o




Apphr : ~
pproach 31 y cpnsidet S radivs I'ne, and
Select o poinl on  the padi'vs.

Y wppaw o chord  passi thirough "
it s pmpmd:’cularc ‘;gﬂf‘he ;ngus&e Pom} ™
W‘Rofa}e_ He Qquilaf@wJ Jm'lanﬂle onol moke
it paallel o the chord.,

Y The nodive and one side of the triangle
blsu‘% oach othet, as they ovte p(mpcmdicukm.

OUI-C OngQ)'LVa,F'I'o-n suﬂaes-{:—s H’LO@Q
wherno the *Aerc serdin
yadivs and  the C,hm%ﬂ 3
confor of e eivele
po?n/{' botween the s
+m'mgle andd Hhe modivs.

t Vhreseets Hhe yedivs
adivs. Then the

SR !

than the m/fegvrse.chng

Foy? Hhe same queshom,
e hove thruwee logcally occurtate answecs,
ond. these e aﬁeeptable aANSWTS Bl hoeo

s it possolb|e ?

Answats e Oﬁﬁwﬁrue becanse ,
‘Hne sample spoees vsed.

n Hweappraaachm

o o@iffe)wi- Approach Somnple. space
1 o to AP~
Z 0 to X

b o to 7



S50, the pwtadox cleortly dem
we talk about the vandom iﬁ&gﬁﬁhgj@;\/m
relevant pyobobility of an event, we must know

oboud the exact sample spoce, pmbabi!i@
$pac’,0_.

Ao, Ut s neeessorwy to know if the sample

space & ls Janile.  or Infinite, 1 we nee
covndoble o1 uneounfable| set theory
aqgoun.

[ Depencling on  the careinality of the sample
spoce, they can be classified Info the

;follow'ing ca’regoraies /

Finite sample space
Covntobly infindfe  somple space

Uncountuble  sample Space

Skl lmpo%)rw)/% o ondotsfand Hw Aiffownees
pebween.  finite  and infinite
vnesuntable and  eountable

B Finite vs. Infinite numbot of elements

A set ‘lsfﬁoazfe with carw@in,afiﬁj n & IN 'lf
the set §0,1,2,3, - n-1f hon o bi)'e,dj'm

o S, 7

Hene, IN=%0,1,2,3, ... | itsdf s [g”(f{obwom

NOT Finife '
But, whin we fake specific number| one--one conprespon-
souy 100, then we ShoulA — -dlene.,



be able to put the set of owr inferest, sawy S,
"o one-fo-one covrespondence. with set chosen

from N, whieh 15

505000, ver s 99} O
B2 rite iksed
ﬁmP|Y° A sed s finite if it how firdte numbert
of elements.
Infinife: A sef le infinrte if it is not
Finite.

HOWQVQ}.C’ Inf-,omj'l‘e 5@}3 COoyL be GIOSSLHQGP ?hb _I_NO

' cateqories .
ol i 9 e(',’ourd’ovbfe
e Uncountoble

COUI’L'[T/\bIQ : A :hf\’ﬂz{"}e SQ/{ i5 C_oun‘f‘abla 'lf .I+S

eloment can be pu{ nfo one-to-one
Hh  the elements

corvespondence Ll

of Hhe sebf IN.
(& ‘gek of coun/{’?nﬁ

NnunM beres.

Uneoundeble : The. nfite set 1s uneountoble. 1f
it con not be pwfl into  one-fo-one
correspondence wihh the IN,

Exampleltu g = 1(fe0y =0)
f0,1] and  (o1)

[o,b], [a,b), Lok, CO"@ o\j?;



[ Shotw thof the odd  positive Tn'fegercs s
o eovntoble aet

To show ot odd pos':'Hve, ?m‘egms 18 o
ble sef. we will show that there 15 o
between Hus sef and

s/sd of coun/ﬁ'rlc/ PUMbYTS.

counta
one-fo-one  correspondence

the sel of positive Infegert

odd posiHve fn'fe,ﬂe)zs = {1, 3 S j
Z+ e {172"’391195,, 0o f'o}

show tHnof o one-fo-one fn©

If we wont to )
Hae 2T ond  odd positive lmL@ﬁ@’U,

exist befween
tha sl e|¢m.eer$ of 7t must have
un,i,que i’mages 'n the odd posiﬁ\/e_
‘injreams get, for @ s

ol ossvme,
. | F(n)= on-1

Wizaur;e?&??ml.
Fin)= 2n-1
1 3 §;91113|5‘l?19

For onto, agsume thot t 15 aawy od L I°nzf¢301v
oAt is lesS by 1

ond owt obsertvafion sy Hh
TR AV Hhaot even °mfeﬁe)1

Join  on even "m}eﬂm. lyet o
15 9k 30, 4! Bl 4 ShdoTe ATy K mfaﬁeﬂ,

=  FD
all Hhae dwﬁz\? of oA

'in’/fagms ook be  the Imoag of Some efermaents
07 18 an £



[ CO\I”C({fﬂa[iﬁ/ and CoumLabthy
considet o Sinute sets audivnhty
A= § 1 2,3, 4, 5, 60 | 1af=6
B= {2,456, 8. |o,;2j lBJ =6

Simply, b\/ COurLHQg the elements In both sefs

e, @on.gsey ToT iy = ol = They A
QquiCom:(ﬂfn(d

P'r’e,u'sely., fUYB%\ﬁ’lnHe sofs. we can eount andl
corn povte mAelemoxufs of the sefz 1o Aecicle
.I_f H”\Q‘/ Inave equaj Carcdfnalf‘h/. Hotvevart, Hun
app*woach Wil not work Jor sefs  Hat are

'nfintte.
G jnstaned, Uf W word to eompate
between the — f of nodured pvmbets IN];nﬁon;Jm
set of Trv*{ﬂ@)“ :
end o

Hho c,oun/Hn\g appvaocwh s not suffiu
comparte  the fwo seds IN and zZ.

Mothermohcion  Gregor Cardor 5u33e/steo(
that vsing The concepts of Biyechve i ¢
one con  CompoJe hvo sets, even if Hhe
cofs ore Inffni‘fe.‘

Thus becsmes  tHhe most e/fﬁ'aaﬁ} Loy

to assess the «oize of the sd:,w( 15 vertyy
veeful Jorr the sample space.



Gregor Cantdors  definition on equicardimall
1, Two SQ/fS A and B oane eqw’cafzoﬂfnai denoted
o5 |al= 18l, if there's & b})ecﬁve @lso
Knon O One-to-one correspondence) fn©

petween A ond B g one-to-one

onto
Ji—The: cmo@nali’hf of B 15 gnmim thon or
equaJ to Hne coutc{fnajf'l"y of A (!B[)/AI)
if thete exists on Tnjec/ﬁve@ng-mncama)
¢ foom Al 2 bt S
f1 A= B s ab imyective o

3, The cmoUna/Pithf of sef o is erraic:HY
grceaJeY* thar Hwe cacddinolity of sot

f thote exists an 'mje,u%'ve ft from
Ato B, buf no bi)‘ed—ive fmc from Ao B

Wwe can Lse the above Fnitorn. to  define
the coneept of counhbu’ﬂ/:

Countably infinife : Arvy ced A s coun}al:ly
?hﬁbnj-fe 'If A 0\1’10( IN CSQJZ Oj( anLUrLGL[ numbeﬂs)
(e a_quiccmouao«f,

A set 1S countoble if it is eithor finife
oY coua’roxblkf infinite, So,

we need o bijedion A= IN



0| zg‘m{ibgi the set of all 'mfegems 15
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