[)e_ﬁ.rz.r(fon: we wecall the concept of vandem
voruable X :

Givern o vondorm varuwable x defined

on CS)‘):Q P) qu& fhduaes o LiRe o pw*obaBlU"’y
space (€, >(e), fi), Fhe cumulative distribuhon

funchon Ced$) of X i< Ae fined an

EED = & (E «]) = R(ix]x <))
= P({wes]xaoxoc])
= P(?@’(Qoo,cx])), & €IR
= P({xgx}), X € IR

Whete, p is the wange space of X andECIR

Aso, the cdf 1s the comple‘re p’robab}LisHQ
descviption of X.

As we a('reooﬂ\f have seen Hyof P’}’aobabiusﬁc_
Aescwiption 15 o Compogf“Han betwean (yoand P ()

1
F%:: PoX

P-raopgm{r'e_s of He cdf
q | [:;\(O—oo) T &(*w@‘-—*—o
2. TIf % <%y, then Fe(x0) S P (x2)
pligra] )= tolg@l, ¥relR
b If X <X, HFher
i e x Cs]) = R~ B

N



. cef s Yoigh:L continvous., Thaft is,
Iv —
F%C') V. € (R Ef& F’x("-’d‘ﬁ) @C’x)
6. = — -~ i
p(fx=m%])= E@) -~ K ()

ohelte, e nds -
el T A



prc\)" of Ro.ndom Voriobles
Baseo{ onn. wWhehthor the cDF s continuous or
not, wondorn vordobles are subdivided intfo ‘two

5ubclasses : ,
1 conHnuovs randerm veruoble
2. Discvete vondern varuoble

efi 1hon ¢ '
Def r'u T A yandern voruoble s obsolu’rely
continvovs f FC’XD thod is the cdf, is Hha

continvovs funahcrn o= e, That 1a, continvous
ol all Pom}s 7 =4
1?_&_(“)_ o e M ot o continuovs RV
continvous RV } C{;sconf"”l)'l‘"y
ey A 5! -———-4"/ 2 1
= — et PR ACR R
3 Xo x

Discrefe RV I A qaandem wvaruable is discrefe if Hhe RV
faKes on valves from a discrefe (finife ov counfable)

sobse of IR.
FPor o d:'scmfe hanﬁ?@m kuable the cpF

s o slourecase funetion.

(Tf)f

r{{% x;})




Pﬁobabi!i-[«f Density Fonction @ The babil
o(ensih/ foncHon ‘of a wandem E‘Z‘?ioil,ew}s

definecl an the dowvotive of Hhe cXf ojHrw_
')’Darwfcrm voowob le wi b Y’QQPQ,CJ +o Cw‘wp'-{:)x:

500 = _j&_d FXC@

£00 20 Ve €lr. . and
+ o0 i
(o = Eo-fee) - 1-0-1

Wheree

B Ghiffieg Propwellon: o il i iiaal

wa’L Hhe O(QJULUO«}OT\\M Of Hhe SJrep of’rlscon'Hnu}Hes.
T do so, lets considoc Hwe Divace dete e,

(
&= fonehon ¢

> hame;f on
'De,nojrecéavb S0 Physr(‘rst Paol Divac

CKILOF- deﬁnea@ a5:® 5’(%)::0, V’X7é8

® 5“’05@) 4% = g S)dx=1
o Ty ha¥Ero

é(’at"Zo)::O,, V% £ %,
S
The two propocties and (i) give. wise o
Hhe sh'ef'h'nﬁ pwrvopemh'eé; of the Dirac
deltee  fonekHon | -

o0
(90 & Gw) dAx = § 9(x) & Cem)dx
oQ — 00
e § sGwdx= §6)

- —
—_

— 1 o QJEeoy,

Eoorn (U e con tvite



‘39, e Ob'[’&&l’\ the .S[Q;t:r’f“l'lQQ P)ﬁopgc{—(f ab®
o0
§ 96 SCx-%) cbx = (D

— o0

E;xamPléf SUPPoSQ) we have

UCx-—xO = :LEXO’oO)(x) = {iqxéixwoo)

1 { i (f" %) ﬁi 8610) L 0. xéc-oo,l’o)
B o o
So, .%C u(f):xo) = gl ThazL 14
ey S Ce=naiidd ) 2272
T digii =%,

Consider o vondom vauable thot is the numaedcal
ovteomes of 'Y?ollfnﬂ o fair die,

G each face s
F%C”Q = P({ X é%}) ? equally LtREI\/
- D I %) e, €%}
=L Llnr T Lt T )
A8 Ol u R .5 RN I I
g p ) B Lﬁ,oo)+e [6,%0)

= £ = ;—'(L R ()
= %—’5(’(-"@ i1 é—'cf@c-z) e S(x-3)
I _é— cS“Cx-—LO + —él,—é"(x—g)+ —é—é"@c%;)



The. lo-]-4 of cdf ond pdf of the num.uucaj
ou{*como_s of the vandom vauweable

F(%)?i (s For Instance,
| e PIX < })
iy st 2y
g
s i 5 T LN T

The covr’esponcﬂrg pdf -f%('k) 18 0% falkrws:

()

@0 @ 06w

Fa L BaS

PY”OPQ)CHQS of the BAf Uar Wi IRY Y
o fie) Bo, “VEER

v Pl su])= § RO

Xy

= @ (xz) - P%(XO



For a continuovs Yandeom vaviable X,
o+ A%

P({%S%.ﬁ%ﬁ-zl’)c]) — 5 5‘%6’5)0(0(
= Sy (). AX

%
for small Ax

As we see, accuhoey
INCPreases as AXHO0

We can uvse the fondomendod defirution of
dercivetive ¢
‘_F;\<(x+Ax> — F%Cx)

AX
= f%('on). AL = E (%t A%) - R ()

v p@X <%<x+A-x}>

Im{w@eshnﬂl% e pdf D S
Ry and c0mple|“e|\/ ignow the uno?ercl\ffnﬂ S, 7.P)

Howevorz, Uncferc.\\flng CS,F,P) 18
bhoree, we just don't HunK a
Hoe pwobaﬁJﬁf apoee and rmove.
o it Haa odf om pdf.

Fromple : ,
A rondom varteable s Known an a Gavssian

vondom vorwable if e hae a-ipdf oft the form

A S = o (x- )"" -
5"%(.%.) ~ \z# 6 QKP{ L , Vr € IR

whorto. , wEIR. and &S50



So, Vsing the pdf of Gaussian we can
colevlote tHhe cedf on Jollows !

% 2.5 i
I—;(’XJ = :(00 3'—%(00 Aoe = ‘f—;é QKP{ M dx

—
e
» j\fﬁl\ﬂsex’) )jaf(

A

= e
_éo s oxp £ 5[4 :
- 8Le)
= ()
Gan@mll\f CPC ) cannot be written in closed

form” It is numerucally calevlated and s

(.Olde(\f tabulated.

Il

So, if X 15 a Gavssian RV with parametercs
WelR  and 650, ten

(o< <) = (254 - (4

Example : Uniftrwmfxf distri buted RV
A vandom voruoble X hae .o vniform
O(J%‘I_Y‘).lbUHOh %,\, U [a bJ a<b ;J('

g L1
3 @) b-a B ¥ [Bdl]




So, the cdf wouvld be :
) 4

ExamPfQ; Bfnomia”y distriboted RV
A bfnomial[\( disfribvfed RV s a discrefe RV, Tt
Fakes values fromn  the  sef {0, L n] C IR

with.  pmf K n-K
P%(K)_JC’:) T (1-P) " whem
: K= 06,1,2 ... . n

The cdf of My RV can Ppe Jo, 1]

be calevlated o : L;\ pProbobility of oecunience

O[’ each ‘jo\voy’)able. owfeomes

ROD = P(fx<]
s w60 , ) $ e }W, m(x) 15 on
B Z <K> P* (1-F) mfegeﬁ svch that

K=0 M () L < mMAE)+1
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S0, the pdf plot  reguives the Ae)tc'.ua'f‘fue of
Hie staurcease cdf and e sh,lf-hnﬁ .on?xnfy
becomes Uvseful. iy

- AR =

W= e R. E(X K)

AX . , ‘
e Binowad praf
CCS"ULC{, be

n
2 R et S0
K=0
A

% AN (\ﬂ :
o o o o o ¢ of ol ob o)

EOCELRIETS

0 IR M BRI AN - T
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Examplet ExPomanxH\f Distriboted RV

A vandom varcable with o pdf  of the form
X = X%
) = xé i 155320) 2 ) (g R0
O ¥ L0
Whowe , «£50, 15  KNOWN. an

expcmenh‘al vandom vartable with pm—camd@t
O< O< f;g("x)

>



Lielts consider the case N {)\( SQ}, a € R
r (/M) = P({X<$™ | {x<a})

. p(ixsxjofxead)

P(ix<al)
Now, when xyO, |
then p({x é%} ”{Xéa]>
= p({K£83)
SO, F%(’X/M) ol P({B\( \<0\3> ay F%(OD e 1
p({%gaf}j Fy (@)
when X LA, 4o é(ixgx_]ﬂ{%é0&>
= p({x <)
So, ' E()
R & /M) = plixs<l) _ &
) P(sx <al) FCY,
. Fy() =<4
5 1y KiM | =
R (M) { Gl Uy
A R CEA) @) is aloays
1 T smallen than or
E %) equal fo 1, and
henee, wed line
should  be
| obove the black
= = gk
¢ B divided by less

than one fack



The. condutional Pdf can be caleuvlated by

Jmki’ng dotivaHves Wt .

of}i(x{{%é&})

< =
felix<ad) o
= 3‘%(40 X LA
R @
0O ' X.>C\

A piclrial aepresentation goes an Jollows :

§,(x/§%<27)

SR
/‘\w

e e e / (X'

@ M covlbe defined ant M= {b< xga}, b<a

so, F (/M) = E (x[§b<x <a])
- p(gmx]/{bo&éaﬂ

e ’{xm]n{bO&éQ})

-——
-—

b <X é({})

Thutee dishnet coses .

TR e ¥ 2, b<x gL 3

% L b

\-‘.‘-



Conditional Distribufions

Given CS; F, P>, assvme thol X is o
voandom vordable defined on 1he p’mobabih‘-fy
space @,'Fg P Considerr Hrat A, M E ¥, then

P(A/M) = PC@?{\%)—-; P(M) >o

hel's assvme, 2 b % X g'xj = {me s]%(w)écc]

o R T R LR i

Q This ig the conditionad edf of the
RV X conditiem om everit M

Definttion ! e R =
RV X conditiohed ‘oh)  MED Tis
G2 POX %D/
R
- BNl OM)
P(M)
The definition of R (/M) 1 similare fo thaf
of the F%(OQ exeept Jor hhe fad Hraf
the. conditional probabil rneasue
PC./M) instead of the pwobo\biLH—tf
meosbiree PC‘)- So, ii(x/:vo han all
(/) = Fe (i) M BT

valid probabilily  is a valid | eds,
measuie cdf

e P10 <X SBHM) = (o) ~ B B/M)

'nstanee




Definition . conditional (-{)3,3(}&3(7\})}‘“'{(‘/ D@f‘)f;h't/ fon

The conditional p’*o"obabili"‘y densiﬁ/ € of
vandom varuable ¥ conditioned on ME ¥

Vg Jf,\x(x /Mv 4 d;{(& Cx /M)

Froormn the Cdf &(%/M} oWe - Cor S H,w/{-
'fC'JC/M) s ( tho. #velid i pdds v That! 1s,

E (/M) i1s a : ‘
™ it (X/M s a valil
U T )dea

As f%C'K/Mv s o valid pdf, it Aler il
the nNeeessavwy PY‘OP@T-HQS- v Instance

p({a<x \<b’j /M) = ‘gbf%(’x/M) AxX

C enrit
5] Tt Tn qeneocal, we musl know Hhe.

steucture of (8,7, P) and the exact nmopping
bdng dore Hhrwough X o Adefercrmine. F—;&('K/M)
o the condiHonad pdf f%(%/M)‘

Dot Everd M could be de fi'ned
usfng Mhe RV X, For instance,
. MziXéa}, o € IR

2. M= {b<>1<<a] a.b eiR. and
) b<a



FoneHons of Random Voruables

liode assvme thod X is a yandom
voruable on  the pyobability space (s 7. P).

we con vse this yandem varuable X and
define o funetion Y @s follows

Y= 9(X) ., whow g: IR —IR

2 Y ()
X() 9(+)

X R &) R

As w02 5%, 4o mapping of © i s dene to IR
tuice when we define a funetion
of vondorn vartiable.

A compocitfe funchon structure 18 evident from
Fhe definition :
Y@w)= 9XE)), thatis
N E el
However, He quesHon 1S
Ts Y() o vandom varuable 7

To aagsess 1L, Lietrs veecall Mo de finitior
e o vandom vortoble i f
y'(4) = %wes/ \YC«DG»‘\} €,

vA e B(R)
Whtte , ¥ js the event space of (8,7, P)

¢+ 5 —71IR



FovrY=9) to be measurcable (That is random
vardable) g (+) moust soﬁsﬁ/ the Jbllowfhj
pYyopenfies
L1 The ) « domalaue: ¢ of 8() must contadn
the vonge space of X

2. Fovr each VY EIR, the set Ry defined
2 Re=Sacipg a0l g v

mMmost consist of a coonfable union of
open infetvals. )

must be Bovel st

3, i The events {g(\)\«): ioO} musl have
probabi LivLy 2O,

50 any function 9() that safisfies these

3 propechies is known oan  Baire funchon.
Ry such g(¢), we con say Hhat
Y= 9(X)

s o valid vondom varuoble.
Iﬂ’[‘QILQSH ng l\f ’
Al functions  we fypically

encovrdert In eng?meerd’hﬂ appl'rca‘Hons
orte  Doure Jfunehons.



Example : |

Y=gk X"

The transformation copsidloes g

As ony speerfie

will c\)wmfé

case ¥ L2 .

il
= x =Y

\/ s Hhe 5c{ucu—cp_ of’f):, o

be NoN- neg ofve. So,

~ heaative value.

Fov Hhe cose Y 70! fositive VY

R (V) = p(§y<y])="P(1 X< U])

Se(ios

= p(5-Iy S X&HT])

i

or, cAf 15

confimuovs

- EOY)-

X <)

for continugus RY

=0 s =
5 ) I

o7y 15 I’mpossi.bje]

nse  ‘zeno pWObab!Lcly =4

overnt can be writhen ¢ Yy 7%
P PR el Z impossible
F%C“‘VW ,

S Hhe CDF 1S

R = [F,\((W)-— @(—-m}. L Gr)

whot about
one po?n)c g
s continvous

(=)
\/:-'_O ? Y becomeg 200 O’VLL\/ Oki-

thot is, x=0. Now, |

{ the cdf

CUE ZOt0 Hwn Hhe P"Y?’Obo‘b"u“—y



Examples Y: 80\0‘: oX+ b, ab€IR

Find :JCY (v). Two cases Q%o and a <o

whene Q20 E{CW: p(iYg\j})rP({ax.i—bgy})
= ple o)

= E(IZ
So £ G = i y(ﬂ
Y Ay 7 . 4.()
= '5(/’ F;&Cy“a"“>: f%(‘a’ ‘dY T
= Jlls et 5 )

L Ry )= P(1Y<YS)
e p({aXﬁb <y}>—~ p@& <‘fb3>

As QA<O0, 1t is negodwe sSo,

G ~———~}) et Srangn

= sl S iﬁD

MR (‘1,.1’:1)
= gkl = -d; [1"“ F%( )]
= J‘y(\ﬂz _f%CY‘-b) -—--:—~é—f% )

By combining a0, 00, we can  tovife.

4 (Y) = o7 F O




Ay
) = . )
7 N = dy [F(\F) ACDIFERA

7 RD= §07) 4 09) - &(ﬁ;‘%(v)
- Hﬁ)~—- 569 2w

ar———

= 20 | K f%("rﬂ
- 1 [+ £ W) Lo




