Liets summarize o few key \deas ;

¢

o

Random expe)—cfmenj will have Yyandom ovftomes

Prseible oufeomes: S is the sed of all possible
outfeornes

we hove events in vandorn expejlimQJu;P. Fvents
cUte descwiba_«o@ o gubsels of -8

T4 A S)rithen.  We SOJf‘H’IOJP QVOJ'\/{ A
oOeeUTLS 'lf Hhe vyandem cndlcome_ twe s
is in A,
Cvents A of *doreel are collected In the
evczjrv‘fL spoue FCS') C 6 ﬁ‘eld)

g catisfies closvice properthes

The pfmbab‘um—y Het an evend Ae YD
oeeurts 1S 87\/@17 by PCA)S

G R
5&'“5671%3 the axioms of PY’Obabi|i”f’7.



I Numoue Bound on pﬁobab]lﬂr\/

we Know from the axioms_ PA) >0, Hedss
congidot  the evenf 1s E . So, P(E) >0

NowW, BUE ) = i P(E) O»[Yea(f\/ showon
SR (a0 T
S 1=-P(E) %0 = P(EL A&

S =
3, R S Proved
I Appl\finﬂ Axioms on pandom axpo_fdmeﬂ/F .

tonsidec  a yandom o_xpwﬁmeru{ of tossing a CoIn.
S0, probable sufeome of the prenimarvp s

From the applico,p'l'cm of axioms, we have obtadned

p(@) = 0. p(fmTy) =1
As, appeaﬁng SHT ov g9 v mu’rual(7 exclvsive
s p(fwpuit)= PR =
> P+ P(IT]) = 1



[f1 Deepert look ot  uncovntuble sample space.

Lle;f':s consiclor o sample space S = (<, B)
Which. 1s an open inforval with o, p €IR and

y SO
< LB O S = @,{BD“—:{KGR:‘0<<%<F33

Sample space would ?@‘} uneovnteble

nelvde any numbert 0

we aute doing o ‘Y’mof)om
between &, 3, and the expoument va picK a
sample space would be nombet  belween o, B

vneovntable.

Even if we vse close intercuad [m,p’]:{xem:o(gmspj
will still remaoun uncountoble.

Anotherr  uncountable sob 1o IR 1 gl of all el
Aimbete) I also  ofien Comes - Hhe soumple

space. IR = (— by O<,>
I'n Y ’r’anoé?m expe)timrv%, Jied; ,3] Con
toKe a 5hC\P‘€ LiKe [O, 1]’ W) herte 0<:1’P:i
Agoun,
g g%?@ud&b’e
e Example ; sample space 0
considot  the O(Iffmw
Al n"f‘ Finite

5pedﬁc:all\/, G = 2091} o1 %H.,T}
S = {192,3,%594,3
@ volling & dre.



Also, sample space S coulcd be c,ounfnbly

infindte.  ©@
For Instance, o counfable sample. space
Sk %w‘(; KB M BB ]
ke IN
Anotheyr one., uncountable )

s= (<,B) » whiw X, p €R
oYy, &= [;O<,[3] ) 1 "
g > 8= fixem: MS%SB}/,R:(&”HOJ

Dofng ony "a"cmogm o_xperu'menj Hux:ﬂ
Qm@fccules on  outtome between &< A 3
G covld be signad strength
bdnﬂ Qﬁ@d@&@ b)/ Vaanofom
NOI S€.
Anothot sample spoace
Acsome. that K—oefmmsianap voetors

with co-ppdinates from om@g of He S
an n the examples @, @,.®,

}<-0€J°men5icm.ap
verfors, whoe the veddors o fO'T’MeoQ
vsing the cloments of  sefs similart

to @’@’@' Denote Hﬂoge' 50/1“3 Usa'ng

new notahons A

20, S= AX A XA h XA
T e dadalk Pmaeucj of

K
- TT A k= Sol
p— A



‘509 5 ) J ' 0 \
ample space & containing K-dimensional

veelore  requires couctesian pwoc{’udi'o
Jorre “Hhe " the k-Adimmensionad  vertor, Such

sample space row be uLse ful In areas:

stode of a control system, whote
the. control pgummo,fafcs corn. hold

vodve Sron cof of weal numbars. o

] ondl
S ‘]Er IR 1f  thoe aje k- onensin
veelors

11

LJeng‘Hw K bian covfewmacf. For ?nsiance,
{B160 5 0010 e of codeword. How,
A= 50, 1}

Lle,r’BHﬂ K discrete-Hime sfgnaﬂ. If Hhe
5'3100\/? love f 13 dencted on m, then Hhe.
u,nﬂﬂn Kk Aiscrefe ngnaf be

My, MYy, w0 oo Mk

DI AR a0 | e wand oy
s:‘gnaﬂ vohve o IR

Eme1e: 5
A sarople  space of couv
Aparon formm  the sefs
K AR A

5 - A X A A A X oaoo o v 068 it
IN-> set of natur
= Tr A T WA = A ﬂUmbest (&V

nfable sequenees
oo In example (D



For instance
l " If We assume f-ha,f A: {H,T},

e e LT =TI
r::j i:[

example sequentee ‘frfom S woeuld be
of the form R T

HTHHTH vee oo ‘f'DSS‘qu . COIN ove

<Coonfa}>fe sequenee C:"nﬁ‘hﬂe)

However, |f e ebsetve the sef of all possible
ovteomes, the sef s will be uncounbbla,m
fo—p Q hyt efQJhUVF &d. ‘”70} ;S’.

__Even if a set A s Fiotbt o 8-on ovalveded
( above, Will be  uncountable.
b

S in B
Wh ? /7 [N
. Pecause, each sequenee can be mappeaP
to o point in the miowed o 1]. So,

they form o b':jemﬂﬂ'on, ond henee, e
Qqu/ccwwﬁn .
e onwa@f s et - [0 1] el

1S UOCOUMLQUQ. S0, 048 18 Uncour)l'ale

T T R - W L P {o 15

»

Then, a,'hjpr'co.f elemeﬂf n S woulel appeat

V> (O{,,O{Z,, Qq -.'.>, w heree. Qié{0,1f
: with sequen.ce
we con fake blnowy Ponds



L\)iﬂ;x Hhe sequente <Oy, Q,, Qg «n +ovy We can
Adefine binary points

(=4 K O
O By Qo Osisiuny =42, b€ .
Bylon 5

IN o
50, s= A con be puf infs one-fo-one
covyespondence. with [0, 1],

It 1a Uncoun table
o BN
50, <= A 15 Uncountoble

we can conelude that
it the smallest usable set A ={0,1f we

hove Hod
SZAIN-‘—“- {5 e 0 AxArRAX o
' 1€ N
s Lheountable

Anothert ekampIQ: Sample space, 6
Assume thof A be any 5axnpke sp
K2 PY’Q\/IOUS o,xoumPIes il 52%0913 {H'»*T]

5o, A I8 assumed countable ’5:{‘0”'(:”2"3"}

+o be ona OJC DNcCo Un'f&bl?:sﬂ (°<> )87
e

ore AN

+ho.S€, e ["SB_—I

et X
= TTA Hew, |, e
t EIR (Dnsid’mm\g Uneountable
S0, Sor eoth index Covtfesian pwmc,ud’.

e will have OIZ-EfJ‘Q/‘(LfI{ o dax 1s  peal nombet
vedves  of A



AS. T €IQ, it also %présmh fhacﬁ'cms, 20,
N yhaot would be the valve of A”

g The walve of A would change
o we pick a real Nnumberc

S : L
S=1] A = 2V waveforms s éév“}
tEIR and X@)E A, Vi e(—aa,oo)

valve of % )

Set of all waveforms

Emmpié T¢ A=IR, it implies thaf
} s = sefof all wreal valved
funchons of +Hime.,
'ﬁ/w\wu%f Ta s R

so0, 1t I1s & ’)”wzf volved 1_ r

¢ with veal vadable | ————
:

g All the Somple spaces consideted so fan,
exeept  the abo ve:-6Ne Cnumbo,rz 5>, e @asy

‘o worK with. )

As e lave uncovnfable

index, we will have
compl Jeations.

So, we ante done with the examples of
sarmple space S.



Practice Problems

Exampl o
)\ xample SUPPOSQ, We QT fl,"pp,n‘}qﬂ o four

coth . e U want 1o Knoty thad
2ARRSCH ccd Wwhat would be the

minimum numbert of attermpts we need o

Hay o o0y sore thof e 3d a head

Answeort
- frob. (SUeeess affert 1 aHemPf) = P(H)=+=05

Nl

Pisobe (10 o0 2 aﬂmph)_ o +(J£xJ£)
S oeail] yall v
= S+ -1 = 05+025=075

=

PraoloC 15— 3 aHemp'fs)—-z (zx—lE)-f(}_L%ni

=oth b= ogrs
It Exaomple

Whot s the pwobabilf'fy of gefﬁng
one toul of 4 'OHOFQE?O_"@”_{, coin fosses 7

AhSNQTC;‘ | ' , = 1
P("’ ) ,‘T'> == --—-X..__qx.___g,‘, = ._.’1_,
— -—...' b = —
P CH,H, [,H> o= -—L-E x—LE x -l ]
-L--— —L—r —_—
.I (liq 1,”,”) — X__L.x ¥ | ,I
P e g i ! | I ST (o
C » » ’H> = "’2 X D) % ) ’<—~—2 |
50 P oN "‘Ul‘ I 1 Ll ’l’ { | |
2 ( e ’ 1M [_' 2olr) 'I'D5§> [ o l , +_I___,

!
=
I



Practice Pw»oblems
ExamPIe ]

Suppose, a computut han 4 proessors
and a job ccheduler seleets one pPYocessor
'zﬂcmcfoml\/. whot would be e Sa,mp)e space S?

Sr=gity 258yl ]

IS the job schedvler can choose

Hvo PY0Cessors at a -Hme, what would be the
sarple spacee 7

s={(LD), (L3, (L1), (2.3) ..
[ G ), & }

Howevert,

Example Consiclot the ‘pfnﬂ” commoand  Hhodf-

we offten vse see how ocwe inteenet connections

aJte PQ)‘ZfUT’m;hg. Pv’ecisefy, Wwe obloun round-
tnip Hme of packets befr)ﬁ Fransmitiel +from
OUItT cmnpu‘ro)‘cs. Whot would be the sample
space for the 'h’°oun0€~+m°p +ivnes 9

ol [O, 06>

Whot is the cuent Hhot tHhe %Ounaf-'f‘nfp
Hme 15 between 5 ms to' 100 ms 7/

E= |5, 100]

Example :  Not sample space
lyet’s sy e voll o die, and 5:{!,2;9%93
s hot a sample space.

Not exhavstiue



Examples of event spaces ¥ (&)
Event space

By dlefinition,
i A colleetion of evenls thaf we
Tntuitive arce inforested in COmpuﬁng M.

und@tsfancpfnj pmbabil?'fy of,

Events are Hhe subsets of sample
space S

Mothematically,
s Even! space F(38) or ¥ is a

famil\f of subsets of S thof saﬁsfy a sef
of Pwop@zﬁes) Known as Closurce fmf‘c;apmh'es.J
@ Sef sah'sfyfnﬁ these
proputcties are known

oy G-fleld

Closurte Propotties !

f T NA &, " then ‘A a
9 A, Ap € F, then TAgUAy "ETF
 Follows b\/ indvetion

n
If Ap Ay Ag A E F, then A€
T Bnabie =1

Finite colleedion 3
O I‘g Aa], Ay_, A3 .o '_E__f, .H’\QJ) U Ai -é F-
ng. collection f =1

of sets
Covmfalbfe
UneOn




If propoches 1 and 2 hod for a set
collecHon, it is known oan  Field of Sets

If propercties 1,2, and 3, all holl for
o given sef colleetion, we call it as a sigma

fleld.  6- field

One ?n{'mesﬁnﬁ QUQS'HW; would be,

Wh\f dorvt we construet p'wobabfli"#y
theorry usfng a field of sets ~ instead
Xy srgmwﬁ'ela( Céw f:'e!o() of o
collection Of \56{3?

\L Angwart

Pwobabn'lf-h/ quovnf hvolves vesults Hhaf ane
expressed In feims of Iimifs of operations

6n Sequences of sefs.
we howe limit theorems

We compufe the probabilities of Iimits
which anre express'ec() on eovntable

sequente of operations on  sefs.

So, e need eoounfable sequenees of y
cef- OPQJw/Ho?)s to esfablish WMH e

(5 Assoreed thrcough closune.
prropocties,



5 hen YOR) = .Y, ithen ' thete ome sefz
n F =Y0R) that can not be assiffneag
P“”Obab.'m"‘/ Sclh'sﬂ/i’ng the  Axioms of probabi-
uty. Thus,

we need to construet a ~easopable
event space for s= IR,

Desived pvopothes of F(8) when sample
spoce  S= 1R

1. We wish 4o inelude all evends of the
Ll (O«, b)—*: {%GIR: A < <b]
whete a,b cIR and a<h

2, The closurte propercties of 6-field moust
be satisfied.

whot 1l means is thal,
if all the open inforvdls
ae In avend space, and  the everd space
soltisfies the closure properties of the

6|gma~ﬁelo( Cé flelrf), AR D
will be In evenf space

4, we will be able to show that

all  singleton sef of IR ane in the

event gpoce. 3 |
Alco, worKs for close nfowals



De firution

: Given S and o fam:’!v of suvbsefs
G = gAi, e I} of S, the g&-field generated
by G, denoted ov 6(G), is the smallest

6-fleld contoirung all of the subsets in G.
B\/ smallest 6-fleld, i1t is meant thaf
:fo\r‘ any 6-freld o con’rm'ning all sets

i Gy

@) C %
50, we can tunK of all pessible
nga—fn'elag and 1akKe the nlertsechon
of Mhose.

$o, whenn 5= IR
we. want Hhe smoallest sicjmo.—ff'efo( that

contouns all of Hhe open “niercuals
@,b> . s B ond a,b €IR

Precisely, we want £(G), whute

G=5(a,b), Va,b €IR and a<b:f

That 12,  we need #he 5}3 mo- freld
3@;},@)1,0}@0@ by all the open ‘nfercvals
on He IR, 2 |
will be Hhe event space for
S= IR



[ Cc’ar)mb‘nen;P~ !

we need the countoble Sequen ees of
set opma:h‘o*ns, such on
C T Clesure. ovndert couvnfoble UnAoNS

Compl?m@n}'

Countoble Intetseetions H)rtcmﬁh
De MOT»g}a,niS Liaws

TN g@maf, any coontable sequence.
of set oPeJmHons i’nvolvf’mg Unuon,
Tntorcseetions, Complfmo,r»f

—

=

These oJte necessasty in ohdet 1o
cchieve lfm:'-h'nﬁ YesU|ts on In the

limit  theovrems:
e WealK loaw of lanje, nurmbecs

o Cortrad Umit Hheorem
« Strong Law of lovege nUrMbeZS

S0, wee need G-flold.

Cavtion: The Borel Field, on In Papoal:’s
pooK, 1o not He same o the
sigma ff-ela(.

All Bovel fields ore 6-frelds, buf
Hhe evatge 18 not true .



S50, o few exomples of event spaces

Exa e 1 0
o Given o Sample space S, an

equf5pQ£Q }%E) couvlA be Qfé'FCSD Hhen
¥es) = {# 5} | Fe 7
Q valid event] & S € ¥ 7

SPCLCQ, ‘ VI'CQ"‘ VOITS aC

Example 2. Givern the sample space S, the

set of all subsets, known o» the powert set;
can be o fined an the event spaece FC2

Inclusion of all the possible subsds
' the event space DETaTEy ma kes
it alse L:?—fhak{u

(950&—}5]‘\1{@3 Hhe. clsurte

pwopemhes.

Howevert,
e Example 1 is not uvseful, as it is foo

small 4o be uvseful,
Consic?(e)‘c Qa Sample spoce [_'0,1]010
IR
e Example 2 is not vseful an well. Becavse,
for oo Sample space o, 1] ok IR

the ovent spoee i%. 106 - | e o be
veeful. o

o s=R, event space ) (s) = WP(R).
ohare, WY(3R) Is the power set of R



Foedisaly N e looking anymove at the

power set of yealnumber set IR, we e looking
ot o smallot vorsion that inelodes all the.

events l_njcwf’e up of open inferuals.,
G = 5 all open l‘f)'{ORU(RISg

%0, the 6-fteld 6(@) of IR contains

Le—ald OPQI) fn’feﬂ-uals/% sequencte
o Countable collechons of set

Smallest opertations .

G-Sreld L) 2 Untons
genernated by ‘ N : Intorsechons
open infervals — ¢ Compliments

| on any collechion of oper infertvals,

We reume. it ow e Bovel-fleld B

S0, given IR, the Bovel field of IR is defined
o the G-freld 3emﬂ_afeaf b\/ the open

infercval s e {Ca’@: Liab @ and a<b?

we cdlenote tHhe Povel-fleld of IR by\ B(IR).
The memberts of B@xz) ovte  called éqxelse{—s.

Becavse, Rovel-fleld ;
contouns all open

infotvals and gl countoble sequentes of
Operca}fms on thaose open inferwals



5o, the Bowvel-fleld also contains -

oD
-— et = = [d e ,b
C 009b> rL){:i(b N b) n;"_';ao(m >
Aol W ey
(A, 00) = nLii CO\,OH‘Y)) rr:-—)ab )
= . g F i - ”‘W] a-—-—l—-,a—f.i_
ZG} Qi (a ) e C“_n) hﬁoo( n n)

Alse, opplying  DeMeorgants haw

0 Vil
it N
Q:i( oy B ”) F)] (O\-ﬂ)—,aw%—)
—Lh::.j_
(a5 at &)
4

(k1 ard) € B

—
—

n (112

—
-_—

i L85

Also, [q?b) = %Q} U(Cl, b) € B(R)
(a,b] = (a,b]u{b} € B(IR)
[a,b] = ia} U (O(,b> U {b} & BOQ)

% i
In aoelition, all $inite  cund eouChn}ab[e o
sequenee of sef oPQJchms SUCh. on N E W
of these sefs arte in B(R).

/

B(R) tneludes any subsef of S= IR
thaot we wouldd be Inferrestes n.



