Probabiliﬁf Measunes
Infuitively:
Praobabilf-ky measuite assigns & NUMbeIT
between O ond 1 thof measure the eercfa,fn-fv o
liKelihood thod an event occurs when o pandom

expejdmgma s done.
¥ Fon instanee, if we Slip a coin twice

ool osk that, ; L
whof is the p"ﬂobabr(r@/
thot ol least one head (W) occores 7

M(ljthmC&ﬁC{l”)l' p’K’Obab”H‘l/ ensbrte is o Se;i'
fonetion thaf map an eventt to any numbert
b heor, 0 and 4iT T ushorl,
prrle= IRJo, 1]
GJQ\/QH} Spoce

§aﬁsf\/?nﬁ the Axioms of Praobabilhty. The
obove sel fonetion can also be +orurmneX an the

p*ﬁob&b’n [f-F\/ law.

S Precisel
o & A pwobab'll?'hf ey 15 A
funefion P: ¥ —>J0,1] thod maps

on event 1o a real numbet ‘N
between © and 1.

Axioms of Praobabflifrn/:

do PCAY 20, YVAE R

3. If A1’A2 """ Ap & 7:, Nt C’é;SjOlon/]o_, tHho
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Intuitively,
7 Axiomn 1 1s aboul the non- hegaﬁu:@
Of P'?’Oba,blll"-y. 'Tho«:fl 8. pwobogb;h{—y

f(lﬂy event cannot be negative

Axtom 2. s Hre novmodizodion axiom.

T+ assvrees Hhof probab:lzh/ of—

obseoving all possible oufeome is 4.

Ll AxuomB ls the oddihivity axiom. It

/ 15 the most chuucxf ene = ithe ad%hv&y
e
‘ - axop Stggests Tt if we have disyoind
AP evenﬂFS Hhe P’Y’Oba,b![lﬁQS can be added.
[ Considot Y’ollmﬂ a die: i;,o_ 3, L, géj
Define on aent: A= %f 6}

So, P’POb&b'“vLL/ that Hhe event A oecurs is:

P({1.67) = P(f1) U P({g;) P(£13 )e7())

b0 L T RN S0 S
6

Az the events {13 ond {6} 3 & 3

are  disjeind, based on the aron 3

we con adol the p\nOb&b;l%—y,



Corollartes from oxioms -

Liets assume tiad A be an evenf in R
Thot s A 4 Theh

Q) PEA e A= PUAT B P[A] <1 ¢) P[#]=0

h  Prove thot P(A U B) = P(a) + Bl (A 03)

We can wnite AUB on a pachon of Hnree

disjoint subsefs
AUB = (A-B) U (Ane) v (B-4)
= P@us) = P(A-8) + P(A()B>+ P<B~A>
= P(AUB) = P(A-B)+P(AnB) + P(C-A)P(A0G)
=RANE)
> P(auB) = P(’An@) + P(A0G)+ P (BOA )

+ P (Ang) - P(AOB)
= P(Au@: P),@né)u(Ane>Y+
Pi@EnA)U (Gn,@j— P(A08)
:> P(Au@z & (An (é"ue))-l—P@o(;WD)
= P(N)B)
= P(ALG) = P(AO-5>+ P(BOS)-P(AOB>
=  P@)*+PB)- P(ANB)
P roved



[ Definihons :

' ASSUme
1S CL SQQUMGQ Of Sds, HLO]F Af’ AZD AB vo0 An i

The sequence 1 Tncr—cea,sfng i f
A A e AL G AR
HAIE, | sef is the subseft
of the ~ medliate next sef.
The. sequence s decyeasing i
A1 g Jv; Pgee SR D

euerty 5ub5equefv€ sef is the subsef
of the pYeUIoUS set.

5| Applyfnﬁ Orior and  Intetsectton

If A, Ay o0 An s an increasing  sequence of

: ; ob
5@'93, f'm}ho\k I'm e L) A Becavse, An
ol et N : L |contains all the
SO\ / N7 ok =1 previous @JemervPS
n
An':: .,LJ A}
=4
I'f A1, AQ_’ sin  pwn An ‘e IS Q, de,CY)Q_asfr)ﬂ

sequence. of . gels,  Hhen
o N i
[lVVl A — m A' AS” Aﬂ s Hre.
N—>ot & o L smallest sof andl
1=, sthoe sefs contaun-
An



Lmpo ntant Facl
5o ; Lcle given sequente Aps Ay os, Ap ve
s elthec mcrce_asing or Of’ecweasfng sequence. ofsds

then . .
O(lim An) = lim P(A
< <ﬂ—>oo n=— o C n)
Known 08, sequential continoity of the
pbobabil?-h/ rneasure.

HUIQ, h"m Ar)> ;3 o SQ/F MJ(WM P(‘An)> }5 =

A N3 o6
veal numbot onol  the weal pumbot 1<
easiot to find.

Exomple of Pﬂobab}lff’lf Spaces

B A lvet’s considorc Hhof S s &
Scunp[e spoce ondl F(8D 1s Hhe QVM space

s
Consioloe, powwen set 05 =

of & Nelt’s assubme Hhot he have o
foretion P(w) such Hoof

Two% i P(éo') ¢ SR such Hoat
cordit- L
oo | . pifi) 0 T p)= 1
Sﬁ‘](;ff WES

This f}hype of funchion 1S callel ‘
Pgnobabilfh/ 085 iuncﬁm (pmff)

Ascigrung probability @ makes it easy to assign
Job all evenfs as n goes pyobabilities.

lovige 15 docble bl haehic o el By pumbon
oK. Insfead, we have omyf i g e,emr

mib  erinstla  ADaSED.



H .
e pP(w) IS not a pwobabil:@ mecsLNe. ON

't is not defined on e event space.

Insfead,
I s & sef JCUnCHOfl )Lha/f maps elemem‘f‘

of the somple space fo the veal Une
in such a wow Har=

e Volves fo map olte positive, and
e if Hhe volves are summed hgeib@z
Hruuf osLe Qquaf 4o o
SO0, this set fonefion, defined an the pmf, can
be vsed 1o define o pnobabl'li’hf rmeasune

Rebdm ek o0y,
Pih ) EsiisERtei o Vaee F

WEA

The sef funetion sofisfies P(w) >0 andl
S p)=1, cLhdlitthemde, Thi equah'on@

WES ‘
satisfies He axioms of Pwobab?lrhj. SO,
the oefinition in @ 1S @ valid, probability
measorne.

Note:  P(0) = Pﬁ‘\)j) , Yw&S
Gy sf’rﬁtew‘an et

s, evenfg con- be  yepyesen (;JS;V)
acgtfnhb(a and finite vriom of Sing 2 fon
set of members  Hat form Hhe
SPeejﬁ'e event of infetest.



Example t Uniform pmf
Lets considec *n” pOSE] ble oubtomes from a
'xvcmofom exp@d’m@nf. The sampf& space S s

05 = '{L\l' 9 '/Oz) L\Qg sve ’ b\jn’} l':r"r)l"’é
s )= evenl space = = Pog;cajtsﬂ

S0, [‘):(5) = Ca\no&"naliﬁ/ o (e = B

As the sample spoce has finife numbet of
elern wve con toKe power sef of S

aﬁfvec}l\/o o the ovent spoee.

Lo, pYobabilf'hf of any event Al e be.
Aeﬁoﬂeaf VO <} /‘mv of Fhe. possible
2N events
PAy) = 72— F&) lef’s define
%:GAK i /’> VAKG ?(S>
= e gt TRl o aleslend
— A e = K — ASSICC
Al dal.o Amin)
g ') Probabili
In clossical probabi lrjry H;LCLSUFE&W

. Struvedure oofis easy, buf the
eouwp‘l"nﬂ igpg}jﬁwlt.\/

© Finile rumboc of oufeomes
‘ v All owfeomes o equally L’LR?J\/
Considec, e ase choosi’ng 5 cards out of a decK of 52

' 30,3{?@\2 another type
COUQILTYP : H”'Q J_GVOPQ le 5 CCJIC? harmz WU‘UJOK
be liffieult.



prf QKO\”"P[@ &% Brnomiod p f
liels considot  the case of finife sample space.
which 1s made up of nNr1  elem

R LR e o'y i
(= PE&E) = FamZSdOfs
so, candimality |FE@|=2""" |s|= nts
we. define Hhe pmf
Pk = (:) G- dyqK a € [o, 1]

"‘"OIQ_ o--n

()H kl(n Rl (-1 i

so,  pa)= 5 ran=% (R)a (- QD
WweE A KEA
Ohowe, A E X(5)

NG, Ts PK) o x&'ﬁf form |, of Py ?

P(K7 n- Q kg
= ()eea . (G )eto-a] s

(MYyo, a 3o ao a€ [0,1] o, r00 30
(- »o 7K

Fov the seconcl condution , hQ+’S considot  Hhe

Binemicd theoyermn n-2 2

CO”Lb) Qb+ )q b+ o b o,
O



AssvLme e

—

g b L~ hen,
K
@+ b)h — i C,;) 0\”1 bn~K £ COH'C’I"O\))
K=o s

G b 9

25 (R) e a Proved
K=0

prf example .4

ThinKk about Pmobabili-y‘y

MEASUIE byobability distribution of - the pumber
of trials needed fo get one suceess, [or

insfance, we con ask | what }shflhe
of Trials neeessouy un | e
hut 6 In the vandom expw°me,rv£.

We. con. considerc gwmd‘m'c me o Hhas cace’

lels  consideut L= sample space

{ Ol d. B, wes o..j Countable.
Xe) = PESD
pmf:  p() = (1-a) K whue aé€ (o, £>

S0, DX = Z;F@Q==E;O%Qoﬁ AéY-(5)

i

KeA KE A
Te Hue walid pmf 7
1, P(K) 0 o K= 32, D ces e
o0
B We Know HLC‘_/F K | ; | ,ql<1

Qo =
K=0 1-a



o0 oo
S pa) = Z (e o | As we know that
K =

POK
E =L
o Ml i

- UZ GHE

Prouved
E-mep)'e 5 Pelsson prer)f
The sample space S :{o,i,a, ...... } e P
Event space=Y(8) = P D
pmff (k) = )\Ké")‘ . K= 0, b sy ﬁ
Kl IS
SO, PAY = > pa— VAETF

K €N
Is it a valid prof

We need to check both e
condition.
4.

As NS0, é')‘>o) K»O0, Wwe can So o
oK) S0 Jor @l KES.

2., We Know Hiof

- x
e




All the pmf we have seen so

forcs @it
sample spaces Hoot are countfable. Foreafto—ﬂ
untovntable sample space, for sfance &= (R, We
caneeh tale the Fee) on the  powert set of IR.

Instead, we consider Bowvel Elulet
509 5= ,&

PC’) - P’)’?Obf)xbﬂlf*y measurte :fzﬂ'/;
everty ovenlt! fn the Borel Erelol:

Rot, Hoto +o Aefine He P’)”obabill’l{'y mwsum?

Fov firute ov Uneountoble somple space, L@
hoad prof defw"neaz Hhot Sa;h's\@ Hhe. axioms
o P'robabiliw el ot o e m”obab}my
{or discretfe case.

mMeasure
Rot Jor sneovntable sample spaee prnf
definebon 1s not  sufficient ond hente, we
need o NewW funetion for uneountable

sample spoce. Pfre@.{selyg

we 1ntreduce Pfroba.b?l?hf ofensf'fjf
funetion (pdf) o assign p’wobab‘nli‘ﬁes P(A)
where, A E BCHQ)

Propothies of the pats:
L FEIe, Vo € IR

2. ;:j@”)":— 1



Given o volid pdf, we can 3ei o valic

Wobabilhkf measuie  prY) of any ovent A
i G(R) o Jollows o)

D) = 5A §Grydr = ($6)- 1) o
—A

LOhU'LQ, g ('b"-) é fish ; TEA kKnown ASs
A iy S?f A indicafor

funefion of

set A.
So, given o valid pAf F@G) and _any sef
A € BUP\>9 %4 have PG‘):\/{f@”)J}”:jj(Y)iA(Y)CPF

Howevert, qwmﬁom con be asKed as
00 : .
Does P®) = {46 dxlr) dr Jue & valid
ob Answer is

pﬂf‘obabiU'Hf fz;ra everty A € B('RD ?\?52*2 -

1 Considet the  Rieman ‘mf‘@grcaf
5”2 $Or). 1,00 dr

o Well defined  Jor any A thof 1s an
1n+@nuaﬁ SUChG\D Az(a) b’) o Ea,bj
W heree o< b
But Sovr some Boyel sel Riocmon i’n’regrtaj
will be  undle finecX. In these coases, we can
vse onokHwre form of fﬂ'fagn:a/?, |

o« Tt is also well defined Jor A equal +o
o finite union of Infertuals,



