Conditional =
PY:’O b(lbl ||V|—>/
In any veal-world  scenarios, we can not find
the precise outcome of  expetment. Tnstead,

we can sust say thot
J / the event B cecures

ond the pYrecise oufcome (o s In
the set 3.

Overall, we just know Hhat event B
hos occuruced.

Assume Fhot Hvo events A,B € »CsD,
ondl. B has oecourtried.

@ RBut we doermt know the
pyecige outcome.
So, condilional pY’obab})ih/
descwibes e PT‘obabili‘Fy of

pecutrence of A, given that the

ovent B has al'reaoﬁ/ oz'_curmeo(

Thaot is,

S A (S PN A 1A, B € T
knowing thot B has alwveady oceevnned can

Yoll bs obout Whethet the event A oecurcs

ov nNot.

Herte, ANDB = Y. 50, Hete, ANG =8, BCA. SO

¥ B oecvrs, Hren A 5 B OQCUY’&O(, fhern A most
doos not.. hove oecunned.




Overcell,
Knowledje on whethere B has oecunned

or not moay change outc belief on the proboble

ocevrihence of A. [‘ j

De finition of P(A/B) :

Given the pwobab}!i-hf space (S, ) =y
and the events A,B € 7, the conditional
p'robabfth\/ of A conditionedd on B has oecurted”
)s  defined as: P(ANB)

RilAID & = , P[B)£0
(A/8) A
Q Probability of A given B

Cases! 4y 1¢ Ac@, then ANG = A, So

P(A/é): Ep%;%él ___;'
@ P(A/B> e PF(:A'C)BD >/ P(A> o

3, AN+ \B@a,athen: \ANB = By &0

P - P(AOB)
(A/B) s P_(B) B

= PCA/BD = PAEED
PiE)

= P@A/R) = 1
NUH I.S ;:)L\Z/QVQn{

. Moo Aﬂ[}:¢., Hien ﬁ;m‘oossi
p(aIE) = BA0B) o £(A). . O

P(e) P(B)  P®)




Ly, From the axioms of pwobabili{-y We. Know/

ot 0 £ PCBY-< L
Feonn  definition of P(AIR)
S50, we ceqn we impose Hhe constrount

white fob PAB) | +hot P >0, as the
C’QFI(\::HOY\ that QVW 3 must haue.
0<pP@)< 1 oeeurtred

o R s 6;?3 2L A08)
as, O <P@)KL

it Axiomatie properthies of P(A/e)

o Axitom 1 ! P(A/g)z\;O > P (A0EB) 50
P(e)

As we know, P(ANG) 70 and P(B) >0,
Hhen, P(A/B> shovld  be 7 ©

o AXiom 2. i Plenp)no @Bl
woherte » El C 8

o Axiom 3: If As A WAy e with A;(}Ajzgﬁ
Jor i), then
P(a1g) = P(Afe)+ P(Aajg)+ -
Liets show it for o case whaw A=A UA,
with A 0A, =@

Ag . Ay ool A, orce mufually excelusive Hwon

Anp  and A,op will alse be
mutually oxclusive.



So

N

P(A/B) = P(("’H UA) /o > 5 distributive law

P(@1UA2>0 B) - fi(@ﬁ@-u ("2”@,)

)

P(e) P(G)
_ P(ANB) + PA08)  P(A0B)  P(A,0B)
P(a) S Uy

= P(AJjo) * P(A:2/8)
We can apph/ mathematical induchion to

expand the formolathon for any N

o, We can sewy Hof
C59 = P> £ O'e,cuhne@ (59 F P(-/B)

Given

Fxeurnple ¢ liet’s calevlate the con OU'HOT)OVF
PY’0bOb"m"7' P(A/B) Tfovr 'hollflqﬁ a die
exportirment . A 2} , B:{z,q,é}

As, 1t is o jcu}p-oe,'Q, PO = '—jé'"
BB e S

o e = LANB) L RO I
1

P(G) P(B)
1

%
K = e
it

%,

—
—_—

6



Baye’s Theorerm and Total pvrobabiﬁ*ly Lsow

Aesume=thol—=Cts-Fsrp-isva pyobability
space, ouel. AL B lorte cvents thof oe i'n
the ecuverd space . So, AL e
pare) = £AOD) i ) oA
B

> PGB = p@) p(ys) |7 T(BOA) = PEIR(/ )

> P (A0B)=PH)P( /)
We can now rite Applied  eommulative

lay
P(E) P(A/B) = P(A) P(&/N)

= PlE] = P(A)pFZE%B/Aj

<; Also <nowon. on
Bayes For mul o

Totald Pr?obotb][ih/ Lo !

Koy CS;F, P), lel’s assurme Hrof
{A1,A2, vee Ap be « pou’th“Hon of 5, ond
Lo avend | BYE EGs) T Uieh

P = P(B8/ar)P(A) + P(B/A,) P(A2) + wor o
, + vee+ P(B/A) P(An)




Proof of Total Prbobabimy Ly
As B is an event and Be ey e
con sow Hhot BC & SHB=BMNS

Then, p(g)*— PCBOS)
= p@) = P(BOCUA >

‘C;]: (Agy Ap v - An]

(g O aﬂﬁ Hon

S pP(E)= P(BD(A,UA‘%‘ I n>>
= Pl P(@”"‘O“@”")“ """ (B”A”D

ey U (BﬂA)) mu{uc‘”)/”c"_xcvaVQ
<o, (BnAL),(B0A.)

n
ZP@%OA[) ''''' ® ree Il be muholly
=1

exelusive as well

Feom the defirution of conditienal probobili
B R P(AIOB) _ P(BOAID)
(0 /4) P (A P.(AD)

=>  P(@BnA) = P(B /) P(A)

Using this expression in Eq.1, we oblain

P@)= 5 P(B/4) P(A)
f=1

= P(B /A) P (A +P(‘B/‘ADP(AD+
Gl o o 1



Example !

: Considert  box 1 contains ‘o white balls
ond b black balls.

considec box o confouns Y¢” white balls
omof1 vd” black balls.

Assume thot
. one ball of unknown color

Q. one ball is drawn from box 2.

Whod s the p’a“obab}l'rﬁ/ that the drawn ball
from boxa would be white ball 7
‘| marm bOF 1

Answert i Liods  deffne L\/:*i'fnansfe)med ball 1s
White
: LA

———————

4 of Hotal balls — a+b

B= 3 tra fowed boll is black L

{ GiLls plac } P = P(R)
NOW, Somnple space forr box 1 = $w, 3}
Then, WU G =&, Whete W5 oive disjofn‘f

So, W, Sorms o parhtion.

onsidert thod the desived event s
A—_:g White ball is  awn from Box zj
whal Informotior is known fo vs 7
Trans foved  ball from box L

g Unknown color

KNOWN 2
P() w, B Jorms

P(B) <« parcfition



From Ba\f'es Formoula, we knch thot
p(A/B) = P(B/A) P(A)
so, Jor A= Al i
P(ALIB), mu ELHAL) BEAi)
P()

Noiv, Usfng the “totul probability law we can
woite fop o parttihon {ApAZJ An'; of .5

P8y = P(0/)PO) + P(B/A,) PO + -
Thosg, .
P(A{/[5> = P(B/A’.j PCA'_l
P(®/A)P(AY)*+ P(B/AL) P (A) »er -
p(B/A)) P(AI) | Bayes

N ;
ZPCB/A?) P("“I) Theoren)
[k

50, Boyes Theovem g

Ligk (&, 7, P) s a p‘aﬂobabiuhf space
ond § Ap, Ags v Ang s Q& PMHHUD of the
5ample space 5. Consfofm H)th Agsr Ago> .,.Anéf
ond event B is In ¥ as well. So,

P(Am/0) = P(B/Am) P (A
i P(e/a;) P(AT)

1= 4
whee , M= 1,2, o0 -




So

T PA) = P(AO‘S) = P(AD(NUB})
- PGaou (o) et
= pP(Anw)+ P(ANB)
Usfng Bo\yes Formoula P(Aﬂho: P(A/W)P(W)
p (A0B)= P(A/B) P(B)

We can Wyite,

p(X) = p(a/B) P(@) + P(A/wW)P(W)

Now, P(A/w) — Probability that white ball is
dvavin from box 2, given that
the dransfouied ball from box 1
wos — White
e+ 1

PO C+d+ 1
4
lmnlcm,iy, p

PCA/@ T et+d+t

en, g (e+1) Q ¢ b
P(A) oy Cc+d-+17 (EIB)+ (c+d+1) @)

-—

T

o (c+t) + be
(c+d+1) (otb)

wac+ob+bc |
(et+d+1) (a+b) L

—




Problem
. es
Suppose, there are fhneaiyfglayngs in a

toornoment. A B, 0
A e BENA ] @ O
L

Vourt co'mn}nﬂ chaaee aga,insf A, B,C S
ot OB, 0, Ok 'Y‘especﬁve(y. h/PQ
Assume  thof,
You ploy o mafeh, so,
0\) :iimamis Hm? pY*obcxb]l?']'t]f Hhof you NI
b) what is Hhe PT’ObOJD”H’y thodt Vo P!ayeof
aga,mst A-type plmym ? Given, You Won

Answat!
P4 = 05, p(E)~ 026, ple) = 0°2%

Wet’s Oeéf“"'l@ W= Yow Win n He ma'f‘ch.
AL Hro

509 P(W/A):: 0'3 AD B>C
P W/ B) =0 m@:}m—f—yz @mo
P(W/e)= 08| slco, Har uniom
Then, will  give all Hhe
p(w)= P(W/A> P(A) + playert Types
p(w/e) P(@) *
p (w/e) PC) PucHhion
= (03 x0:5) ¥ (04 0-25) Q Contept

+  (0f % o-Qs) Toted P“r’obab'\\ib,
= e BI2E An swat Liow/




We have 1’0 JC!ﬂOr oru.f PCA/W> - ?

Using Bayes Formula

P(A/w>_.—: PWA) PA) _ o3x05
P(w) o O' 375"

- Consider a binany communicafion channel as:
| - € ‘

Sendjng
SQnoﬂ
B i o

1-N
As We see, P'?ﬁobabiu-l-y of senoeinﬂ fispgacp
Pwobabiliﬁ, of &Qndfng o1z —qeip
Given thot 1 is send, '
pmbab;uaf of weeelving 1 1 1-0
ppobability of wreeclving 015 TL
OIS 0%y LR erw;'f ¢/
O 15 &
'Pwobabi_b'h] of Ye,azivinj 6 is 1-¢
P’zf?oba,b\l(—h‘*y Of ’Y’Qe,e,éu';nﬁ T e g
90, what 1s the pmobabil?#y Hhof 1
han been ClO“f‘Y‘QC'Hy reeaived. ?

bintent We can not cmsidot that 1-n
as the sole pbobabz‘u“{V\



Becavse, :
1 can be weeejued becouse of a
0 transmission as well.

As ‘h’aanszmifﬁng eithot =ero or one 1S muvLuaHY

exelvsive, e can uvse the eoncept of panhition
S0, SO = 0 }5 SQFL/{ Ro = (] s ’T’QCQ;UQA)
61 = seni Q, = Lt Yecelved

Us?ng total pwobabili@ lay
PR ) = P(Ryss)) PG+ P(Ref3,) P(3)
= (1-—@P + B (p)

lietfs exctend 1l fuprthot

suppose  we have veesived 1.,

Whaadt 15 he p"rﬁoloabfh'%f Hhot L
WO ohiﬂina“y 5@1?

Thok 15, we arce InfocesteX in,
P(51 /RD a3 ) PO

P(Ry)
e
(1-n)p + ¢ (1-P)

—



Q. Simplify the counfable  collection of Lnions
o -1 o0 =1
U [59 Q“CQ§> 1 = U [5, & 35
n=1 Lt

= [&, g__;_:] U [5, S”JL,‘J U [5,8"'@'}“] S B

| s
== o — =0
[6—.9 8_] A_5‘ n——}o() -QKD
SO, o) £

Q. Soppose. Vote ;mpma’c devices ‘frrom Hhree

' ces !
d,ffmw_rup ik 0 i Sowree defective.
Proportion of devices A 0 005"
Vo import  JTom B 0001
a(ijjercenf souvrtees & O-01
AL OB [ e 0vy
R

OQ P"(’DbabiU‘]'\f Hhoot o ncuna@crmly se lected
doviee 15 defective andl paof it is

from sowtee. A R ’P(D/AD-:?
p(d) = P(D/n)P(A) + P(p/p) P(8) +P(De)P¥
_  (0w005) 05 + (b001) 'L+ (0:0L) 0°4
= 0:0066

_ P/ PR) _ 080 x0'5
P(A/) = P (D) T 000066

—-_—
e




P(®/D) =

—
-—

PCC/D> nd

P(d/B) P(B)
P()

OO0 ¥ O —

G AL

P(d/e) P)

PCD)

—
—

-—
—

QO 5 2.

001 x O*4

0'0 066

.-.0,6



