Random

Voruables

heies Mopping and Fonctions

Do L. Given +wo abstract spaces S ond A,
on A-valved  fonchion s Aefined as
8 gy A
whoe, ‘47 assigns  a specifie elerment
frem A 1o each e_lemen;f af S
So, asguming bhod e 2. we con Wwrite

fGo) EA, YWES
Rondy

withm f:6—> A (=, Donﬁw‘nﬁ hn S
A Co-Dommaun e\«}i‘fga

when e study areal volved fn¢, the defP

appeaics  OS Jollows : 7y Tp s iR S=(R
A= IR

Deff'niﬁ‘fﬂ’? : Lqeq‘(s considlerc two sefs B S
aond, G C A

we dlefine fmaﬂe of £ uvndor f

EAS";

;f(r:)-—-{ae?A e o= F(o) Jor
some € F]

Hha Pva—?maﬂe oPr Trwva)‘cse'?rﬂaﬂe of

oA undec "5 s defined as:
:9“1(6):%@66: &(w)eG}

and,



That s,
) f(F) is the set of al poinfs in A

obtouned by mappfng the po?nﬁ of
E undoc the definition of il s

:§—1CG,> s the set of all poin‘fS we S
that rmap to G
Pietforial YQPT’QSQHMJH ! A

Now, Co-Domain acting as Doradn

i Generally, n colevlvs  we shjdxf veen|-valved
funetHons of A ool vardable

NS wWe See
’ — IR )
§2IR 3 =IR ourw(

A=IR




[ch Why do we s;l‘vcf\/ vandorm  varuab les

We pQJ’LﬁJT“m expefdmen}s ’h) measure o qUonHt—y,
chorcacforize o syskm. All the experuments, genseally,
have a@iffenen/f Jorm of ovteomes.

e T 18 comnmon Hhat ovtcomes of prwv'menh
ovte inferpreted, and oftfen

We mowy not be ‘nlorested In ’rhe‘
precisa euvteome, vathot QA moda fied

Jorm usfnﬁ fonetional mapping  be.
of oure interest.

3aneraates 518
NnuMbeT

FExamples of expertiments !
fore instance,

¢ Suppose, we ore mea.suru'ng indveed
olectric cunrent In anfenna dve to Yoaundom

thorrmal  motion of ehaliges

e Suppose, Wwe have o coin ank we.
petform. N tosses. Now, we are
‘nfoestedd in the numberc of heod s
in Hhe sequence 3@;&)1@#@0@ ofterc

N-fosses, 2 infetesting f\/,

we dont considet b
oxaef sequertee

Hoe, coch outeome pwoduees a nuomberc
from o numedcad fundion



Tntuitivel v,

‘C-ri've_n, (&, r. P)} oo vondom varuable
s a mapping from the sample space 5
1s W5 weal Mee RN ITFhe denste.

vandom voruable oy X, then
X! &> IR, The pictorial 'r’epv’esenﬁﬁm

s as follows :

HQJT'QQ w-' D) I'OQ‘ pow LOK aJce ]Lh—a- O'U.}_Eomes M
Hho. COTT‘QSPOnCéin_\(‘j numarte valves are
XY » X(05) +or X(0OK):

sa, the (2o, e o ~vondeom O_)LPQJ‘CA'_mQIVt , e
”;ﬁmw““I volve. of e Az el pzery! o oo
i poss} ble cufeorne . of

becomes |Pecolse Of Hhe

randsm _#HLQ QXPQ)“C:wm_ﬂJPT

Obsecuvation ;

o Rondom vartioble X 5 o func/f'fmfwmn
somple spoce o 4o the ~reof Une IR

¢ The foTm N ymandom ” ncdlicofes the |
Hoa Un.o(a)—dy“mg vanolomness  of cfu,oosfng
an olormand W from  the somple spate



* When the valve of w is fixed, the
mapp[n9 fonchon X (W) genencu‘es o
fixed uvalve from IR

] In’rwesﬁ'nﬁfkj.,
Pwobab}lj'l—lf meosure IS associated
with. evenks, whateos

Random vordable s cssociated with.
each Qlemm{'wu/ oufeome. of Hhe
sample. spoee.
In shovt, the yond ooy n the obsoted
sadve  X(w) for the oufeome is due
Jo the randormnest ot G Sinsin. .o
vandor QXPQ)-chnU\/‘E Ae fined o

(2 5

vondom. Instea, i i

and. deferuministic.

I Obsercvation :

Not all cubseds of the SamplQ
spote e considoted on wends, and the same
goos for Hne vondom vostiable. That s,



¢o, yoandom voriable X g a 1 with
trouts as:

The founehon X! S~>IR has the
propocty Hiod s oulput  inherdfls o
pYobab‘luw measurte  Jrorn P in Hae
probability  space defined on (S 7. P)

lietss vecall the concept of Bovel sef agafm_

Given S and o ;fann}ly of subsels

(= {A’L, = I} of 45,  the o-8leld ngma-fl%’d)
genm*cafeo( by G, denoted as 6@G), is Hre.
smaodllest G-field Confm'm'nﬁ all Mhe svbsefs in G

So, whun S=IR,
we need the smallest

6-field contauung all the open infercval s
Cc{,bD, Q<b, aabé’R
12

Thot 15, we want

5(& Y, where G'—”%(G,b}, Vabe€IR
ond a<b}
Tnferesting I\,
@) confauns  all the counfoble

sequences of set op loN'S | T rohagag ¢
adeng toibh the opent Tnfercgeetion 0
infercuals Lc,omplemen/?: S

on arw colleetion of open infervals



Wi H unopens’ranoﬁng on 6-fleld, we can now
do fine Borel field and. Povel sets.

Bovel fleld
Givern Hhe el of real pumbers

IR, the Bowrel field of IR, denofed as B(R),
15 Ofeffned) cea— khe CS“.FI'QIC?F 8@1@1@{@( b\/

open infotvals

G={(@,b): Yaber and a<b}

Povel Set ¢+ The membeorcs of B(fR) ote. Known
ae DPovel sefs.

As the Bovel field contaunsg all the open-
‘dercvod, it also confouns e below
i’njercualS:

o0
7 o Um ey b
,(—-oo, b) = ngi Q’ s b7 M Cm )

COL,OO) = {j COL, Q-l—n): lim (0“9"‘)

{O\] = ﬂ (Q—Jﬁ,(,’x.l—-iﬁ-) _ lim (af%’a+JF)>
Nn=1 N~ b

— {o\}
T+ oalso Sollows HrLo«JE
):o\) b) - {o\] 9, (0&5 b) & BOR>
(a,b] = (a,b)u{bg e B(R) |
[a.b] = §ajv(abu (v} € B(R)



In addition 1o all thesge intetuals, all
finife and covntable sequences of s}
opowdions of bnions (L), intetsections (),
and c,OmpJenfmn}s C—) of those infervals
will be in  the Bovel Fleld B(IR).
Tn sho¥t,
BOR) inelvdes all the sobsefs of

S= IR thot we could be l'n}e)zes‘reaf \n. One
m'ngh/t ask if it s suffident o not.

In{‘mesﬁ'ngf\f, P“ﬂovfnﬁ Mot
pR) F WY(R) is always di{freult,

Yes, thote moy be Some sefs

thot ove not in Borel field of IR, but those
cets ore strange and of no inferests in-
probability problems.

Also,  offen, we dort need the whole
veal Gne IR on the Sample Space. Thal is,

e A C IR example :

o, the cvoand spaee  should be
the Bovel field of A, thal is B(A)

We con evt the BOR) fo obfoun the B(A)
B(A) = {PmA: YE € B(JR)?



Wl’“’L HBQ TQVI‘Si’On. Oj BOT’QJ F:'QIOV ourwe oy el
cot, we can now  explore the coneept

of Randlom Voruable,

I+ je not wandom
T+ is net a vauable
Rathore, i is a fof thaf maps

rondom ouwfeores 0 to
vool numeue valve Honmgh o

nomerical <
= :
@ yondom voaruable, oVeﬁ"neoP o O fni Jollow

p*PobabiLn'th/ meosurce from P oin the vnderlying
mﬂobab‘lm—y spoee e P)

S’om]o[\/? X () shoud have Hhe
-pmopm'hj | Ve I o ony A E BGR>,
e GO EeTnpliie’ ihe. Pqnobob}l}-l—y
o).
Andd oy funehon X () suvch thoat
we con calevlate P%(.) for all A€ B(R)

15 CO»”Q,GE 8 Botrel meosvrable fUnC{"bﬂ



[ Measurable function

lelss considerc Cs,ji) be o measuable space.
Then @& fupetion $: 5~ IR s ¥ -measurcoble
fonefion 1{ the pre-image of every Bovel set A

e an Y-nneasurable sobael AT S - At IR

The p’*o"e—'!mage of A 18 Gfefl'neop as !
$ta) & {wé 5{ aﬂCw)éA}

As pert the definitiorn. of measurcable fonetion,
$: ¢35 R is an F-measurcable ¢ if FN
s an Y-measurcoble subset of S for evoty
Bovel set A. Lexfen&@rﬂ the, def” o p*f‘obab}my

spoee.
varuable

Given (8,7, F) o vondom X is an
¥ - measvoble fonchon X: SR from

(5,'}7) to IR, Wl HA P’Y‘OPQ)’C‘['(f on Jollows
i i |
X (A) {‘O | X (o) } e
L ') € F

——

o §

Tn other wowc?(s, puay AuBEAT e B()@ '
oot Spose .

So, X is o vandom vartioble HLaJIQ map s
everty we s to the wreal Une IR.



We con represent the ~andom veryable X
clefinution pl‘dowally as;

X() 6o coold be mapped to

7
7 the Borel set A on well
then () 15 EsWhoe
w be thue

IR

spacee ! (IR, B@R)>

Now, the pve-image
()2 fwes| Xw) € RpE b
5 ¢ = .
80— indicades that X (K) 1s

m
|/ on event,

1
I

[H] Pwobob’ru@ haw of & pandom varyable X
lietrs  denote & an the p“nobabilijry law of
the ~andom vordable X. 86,
Hhe P-Pobab‘ru-l—v hoaw & of a vondom
voruoble ¥ 1s o funetion ng
Rt B(R) — [0:1]
o(ehmoe oS p%(;\)é({G\JGS( & () €A§>
= p(X'(A))



As we obsmug, '
we have two Fonctions

QC'HV)ﬁ here. :
&L ‘%_1(.> Chwﬁ‘nﬂ 'pna-i’mage
2. P() mapping ovent (pm-fwge)
Ao 0] :

Thot is, a composition of funchon P() andl
the Imverse fmage ey, S,

R(Y = PC)OX()

(\5 co mposi Hon notation

—_—

g'(ji_r At Bored Sef
With. o shovt- hand  nofation,  the pﬂobabluw
oW covld be written  ows . e, 5{)5{ vse the.

= 0 Xhi int 0 ated Borel
x LE; =ty Lr&m—f?@u sl o 14
In
Pi’%?mb;uw rNROSUITe










Fyom the discussion done so farc, we con-

5(1% H"LQ/E, \e

oh®

E fonetion X! S—>IR sa,ﬁsfyfnﬂ Hhae
condiHon

P*reefmaje v A€ BOR)’

UM@% [)\?CA):: {wéSI X(w) € A}Q -

s o Borel measvrable funetion
from C5,52> 4o R,

S0, measvioblity of X insures thaf we
can compote the ovobabile of any RBeovel
cel A, Thot is, we can compu{z the. p"r*obabili'fy thoct
§x Al={wes: %(w)éA] i
for all A€ B(R)

IQTMSH”\_ [7° we cart ask the queshon that
how Yeshrictive s condribion s ot the
mapping be Bovel measurtable. Specifically,

How ~estrictive 1s measumabb.'-l—y o
Hhe gfamfcl\/ of furehons o
volidd — wandom vorwable s ?

Answoc ' Nol vowy vrestrichive .

As lcmg o Hhe everd spocee in He

pvvababiUf’y space de fined for migfna,ﬁ

experdmeﬁi, most of the fundhon we

con Hunk of is Bovel measurtable



[
Foy» Instance,

Assomme  Hal (s pmbabita'ﬁ/
space andl dakes shape on Jollows!

e= g, == BOR)
e alrmost ony funetion o{)eﬁrm_d]
s X ! IR — IR will be a
random yaruable.

In' feet - oreta p’robabiu-hj space ,BGR),P)
whan m,appo_oﬂ b‘f o vandomn voruable X ()

0 (R, BOR), R, that =
OR"BGR)’P> -—%’—(Q_‘% <YR-, B(’RD’ p%)

all of the follw:°nﬁs will be valid vandem
voyuable :

o Continuovs funehons e Pol\fnomials
o Step funchione @ K. u(><-oQ
o All the indicator furchons

N -y L

for all A € B(R)
Twigono metric funcfioms

Q

limiks of sequences of measvrable
&Uﬂ(‘J’TOY‘I—S! 51@() 9 fz(’l), ''''' J(n (’K)

Y a t") = 3((')()
n—y o

[



o Eindle and covnfable sums of measourable

funchons 51(,)0’ i@(), 3(3@() P fn(’x).“
RO (DT M
n

De Obsotue, ‘
AN almest any funehon we can

thunk of 1s measureable, Pwecisely,

It is vey difficolt fo describe o fn©
X(¢) that s not measurcable.

Fov Instance, Sa e el ate pabiEm
then l:LA (o) | 1s not Borel measurable

g indicotor funehon of

such o set A

hile we know that such sed A exists, 1t is
not posslble o descwibe them.

One ConmmMmon oand knouwn MO - Measurable

s} would be  Vitaliset, found by
Giuseppe  Vitall,

iy Range space of o -

Lielrs define function S &= AT, whvtff S, A
e dormoen and co-Aormoun qﬂ@.sPee_ﬁueh/.

i the wange space of 4§ 13 Hhe

in’lctﬁQ fey = A,

Fov inatance, £:R—>R, F(x)==2"
S(R) = [0,00) = range space



Given (s, 7, P) and a Random Vapiabl (R.V),

the RV takes on values N the W”C{r)ge_ space
e = F(s) CIR

Howe, $C) is the RV XC)

We already have shown Mot X is a
measurcable  funeion, so, all the subsels
of the Jorm

X'@)={wes|x@w) €a]
Ot S0t giten =i el

must be  In the event space F of
He Qn'vm CS,‘F) P). Thot 1a,. e can.
compute the probability P (g) thaf
X@) takes on a uwvalve in GéB(\@)
Here, R@)= P(X'@))

— P({mGSJX(w)eGD,VGGB(e)

ot is, (5,7 P) &%(E,B(@, ﬂ)

As a vesvlt, e wn foevs o Hhe

neto yeond e expeﬁimeni (\‘3,8687» 8()



We can ask o Jondamentod question

Posihon

W do we deseribe a wandom
vortiable (RV) as a mapping in the
fivst place ?
Insighi on physfoaf problems, such on induced
corrend on a plaeed antenna beeavse of Hhwmal
mouvernent of c)wwﬁes ot ony 3Tvm Insfonee
of hme
See,orw(l\/, we can define mulHple randem
voriobles on o wandom  expotument

In foet, we con ge,m)wﬂze the simple
vandomn vosuables o veondom PY0eesses

o sfochoshe pyoeesses. )

Sequante. of Rvs of mjfvm
Hime p(ﬂ'nf sohm' Hhe exPQ)u'ﬂunt
Invohves dyrwnuc evoluvhion-

/—.—/_3/:\\--\ =
(f/’ /\._' /\f \:/,\ {" BN /'\ In horm . %Y’ ?QSWD
-, ’ \\‘ \'//\!’” 0 1 '
he \:\/ \,i & ObSQﬂ»U’n-Q ’Cl, P(N‘Uhd(. m(TVIVﬁ
N 4 0
b Y’ano@o*mhj In fime.

Tf the position is tracked
and  molhple observakions

ore made , pos}Hon of Hue

v 7 pordhiee of o given bme
poind gl e - oL SEgEar

of RVs,



A few examples !

Z el (S50 h) beo pvobability space and
s athed, event. A€, We o

Aefine. wondormnm  varuoble

W Aﬂain , suvppose Hie! g gk c:olo—r\eog
side el e e T el ol o the
~and.or expe)u':r*na:zrv/fl | el

& = § Reel, Graan, Yellow, Blve, Cyan, Hogenk|
F= P

We. can define o vondorn vouable (RV)
as follows :
X(R)=1, x@)=2, X(Y)=3, x(e)-:z@
%CG-) =D XCM7 =G measorcedble RV

W et say  we seleel o yesisfor o
vondom from o box of resistors and

meostie s value.

Fr instonce, Jor He de expe)'ulmemp we.
chopse a Bewel set $1.5 toab Friory L.

pre-imoge  we will have sinﬁlehﬂﬂ sef  {RY
I{ the PRowrel sel 1s foKen o Hhe infotuad [15
Thern, pre-imoge of Mot wovtd be

{R?,Oe,, Gw’*eenj , wheeh will be in
Thot 1S, measourtable Pt PR, Gk



So, the discussion shotws Hiod
we cont think of o Yandom vortuable

in two woys :
Mc\HnemchaH\f, Q %andm vam'able fs A
measvrcable  funchon from (8,7, P) b IR.

@ PY‘QGJSQ mo}hemaﬁcafp Lo axy t+o
think about a RV

Imtuih'\/el\f, SUmQHu'ng t ol takKes on veal values
ol mandom. 2
The euteomes of a vandom -
exp@dmem{, whate veal valves e 3Qnmahd

ok PRAZETS = B(€).P), ohte €S IR

sef of all possible valves Hhat
can be foken of ot random

B Given o ~vandom Uoruoble  with mange
Speee’ B C Ry, G CAl consfruet o

pﬁobabiu-}-\f spoce (€, B(e). P%D.

Then, Hhe QUQSh'OTL 18 —

How do we desevibe R 7

> Discyefe
Two cases

Ly CO(LH NLOVS



Descvefe Case ! fops B, we can use the
probobility mass funchion (P5), Aenoted on

peA) = pCin}), ¥Yx €T
With. proparthies ! @ P%(’)Q » 0.5 nyxe €

O ¥ goo=1

x €L

Continvous Case | :
For aonhnvsus case, we vse The

probability density funetion (pdf) 1o assign

—=,
R (@)= g@ §00dx , Vg e B(E)
WI.H’L P’Y‘OPQ)’CHQS on ! @ f%@() >/O 3 ‘V/fl ¢ e
(i g{zf%(%)dx =1

conhinuovs cose 18 the uneoundable sample spoce

Howevere, ouvarnn in the discrefe case we hauve

enovmoushf 10)(39@ no mberc of oV
assiﬂning pmbabi LiHes 1o oll Hhose one not

shmple faske o make the proeess easior
diffoand  modhemotical tools are vsed and
ote sweh tool 18 Mre

Comvulahve Distribufion FuneHon,
shorily kown o CDF



Defirubon of ¢bF

Given o mandom vartiable X defined on
(5,719 P) *h&i lohClUOPQS Q. ek PwobabIUﬁf space

(e, B(E)x Ry othedeumulariye distoibubion fonckion
‘odf” of X 13 defined as

=G0 = B (G0 o) = Rix <)
galph& - p({ﬁ)ésix(c‘ﬂ‘é(x})
= p(X'(€24)), x€R

the cdf pot ton accomodates
altetnotive options.

Foy Instance, 3% gﬁ or p@% go{f)
Temeseajcs event
{wes,%cw)gxz =
Wa“ o In A—.Hm& sa.mple space

on definecd in (BF:P)
[ Essence of E (L)

% Tf we know R <)
1t complefely Spee/fj-fes Mre ,_pmbab}li{ry

measuvite p%c,D

As obsercued,

we know thod. Tt is possible to constrvel anyJef
€ B(R), whuw F cks o Hhe evend, Ué?ng
eounfoble  gequenee of s} opmﬂic’mg on Me
{n{ef(,vals O_f HQJL fD’Pm (-Foo, Xn].



Al’rhowgh sen -closo semi-opert intervals axe
consideved, it is acfually possible. Because,

we already have seen Hhat any event F
in the Borel field b\/ potforming a
countable Jequente of sef oPg)mH(;m on.
the open infowal of the form (,,p)

we sow Mhat it s not M‘ﬁ) gd
infowals of the form G—oO, xn> Trom

(X, Pn ) Types of inforals.
Fov Insfance,

[a,b) = fafU(a,b) € B(R)
(a,b] = (a,b)uib{ € B IR)
ekl = ia?u(a,b)(/%bf ¢ B(R)
56, We wvel fe [—;(an':z &(G—' oD, xnj>
That s, _Js’rwoﬁnﬂ from  cdf F’%Co(), ki
/ 1S P@Sg?b[e +o gef P%C) Jore

meons that 0
ADE 18 @ ?“ff ‘SQ/]‘ @V‘m’f] Wwe  ONe mfeﬂeslpecg
complete, .

probobilistie
J@seﬁphmﬁ of oy vondem prmfm.uu{



So, the cdAf 1s deffned as:

5 G e Plecc e erc B
e_venh_?hxﬁnfj thaf X <%

= P%((--oa,x]), Vx € IR
= P({wes[%@a}@Q), Vx € IR,

Propothes of cat |
1. r—;(—f—oo):i and {i(-—w) = 6

Eplatgien F Groo) = P({x < +eof)
C‘-zzz;;;;‘:é

Rl
5 €0) = Pfx <~=])

Loy
fmpossible event

= PC¢>2 O

Lo T %y € To Hhen F%C')CD N i(xﬂ

Explonahion : F%C(XO 4 P%< 5 xt])
F%@Co:) et P% ((" 0 "(9__])

Obserwing Mhe veel lne, we can Lorite
C—-—- o0, X«;] 5 C’“ o0, %2_]
we can wyife (—o0,%Xy| on the
oUsjoimt Sed3
(f\-o{)? ‘[Z] = C""OO) 7C1] U (‘X1 9@

vruwon of two



? B (Eonl) = & (Con]u )

= FD%CC—-OO’ij)"“ @(((x,,ij)
= () = E\(\(f)cq) i f&@,,xg)

which is gnegdeh thon

= E‘C’(z) ) @C’“) e

3. P(ixgo{{): i1~ F%C)
The event {X>a] = "{ @L}
AS, ix>0¢] ond §%<o<§ o D(I'Sjofn/%
Hheivy vndon
Xy UfRget] = 5
S P({x>«]) + P({xg}) = PCS)
S p(pox]) = 1= PEX<])
= W BOIX Sl = R (R0

He [TF cony <Ky Hhend Pdr< g%z]’>:i(x27v&(m)

1

We con write (o0, x,] as the uvnion of
fwo disjoink sel

(o0, 1] = G0z U (%10 %]
= P({“"O <xgx?\]> = P({-‘oo <X\<’K1}U{'Xj<x\<xz}j



Usinﬂ Hhe defirdtHon, we can wnrite
F?'\\(O(o_) = F)%C’K{) e P({ %I <>)\< éx2}>

= P({'ﬁ <%\<7Cz}> == F'%(%LD“I;CXO
Proved
o Riﬂhjf contt ﬂui}\f of CDF

i F’%C) 15 mghl crntinuovs, 11 means Huod

Yx€IR, éllfto Ot £) F%(’)c)
Tgpsi lon s appvaovdu'rg 20
liel’%s considet o
S sl il Ry
el e
Now, cohsidoc the j'o”cm'mﬂ

i e ) » I PSS

n—Y oo
/—’————'

.
Q we uvse €, howe, on 0 freK go that

we con deal cot Hh counfable
oruohs % *niorcsections

AS i§" |I'WL F.%(')(-"l' %’) We. h{a ve. uUN C)OUH'}UBJQ

€0 2 A I tontinvous

Mﬁo%bm

Bund, we connot deal
w1 Hh uneovnfoble vuons
ov intacseehions



Thot is 3

lim & fxge)= lim p({Xgxte]
e Rad=at (fxgxred)
=ty P Xs Kt Ep
e POIRE RS
We can. opite 11 Intotms of 0 on

= i p(fo] X(w) <t €n])
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